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Preface
The prototype of a near-ring is the set of all self-maps of an additively
written (but not necessarily abelian) group under pointwise addition and
composition of maps. Moreover, any near-ring with unity can be embedded
in a near-ring (with unity) of self-maps of some group. For this reason, a lot
of research has been done on near-rings of maps. In 1979, Hofer [16] gave the
study of near-rings of maps a topological flavour by considering the near-
ring of all continuous self-maps of a topological group. In this dissertation
we consider some standard constructions of near-rings of maps on a group
G and investigate these when G is a topological group and our near-ring
consists of continuous maps.
We begin in the first chapter, by defining basic concepts related to near-rings
and topological groups. We also present here some elementary results which
are drawn directly from or follow easily from existing published literature, as
well as fix notation which will be used in the rest of the thesis. However, for
concepts and notation used in only one chapter, we wait until the relevant
chapter to introduce such concepts and notation.
Next we begin our study with Wielandt near-rings N(G, k,H), whose con-
struction is based on a topological group G and a subgroup H of the carte-
sian product Gk. We determine the relationship between N(G, k,H) being
3-prime and the subgroup H. By imposing various topological conditions
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on the subgroup H we are able to obtain some interesting results. In some
cases our results generalise or extend results obtained in [36] for a discrete
group G.
The third chapter deals with near-rings of homogeneous maps, constructed
from a topological R-module G, where R is a topological ring. We extend
some published results on NR(G) for a discrete ring R and the unital R
module G = R2, as well as obtain similar results using various notions of
primeness. We also consider NR(G) when G is not necessarily unital. In
particular we look at a topological ring G as a right R-module over a left
ideal R. We are led to consider the question: When is NR(G) a ring? This
question has been dealt with in the case of a finite unital R-module (R a
finite ring) in [24]. By imposing some mild conditions, we are able to obtain
a characterization of when NR(G) is a ring, in the case where G is a ring
and R is a left ideal of G.
In the final chapter we initiate a study of gamma near-rings of continuous
maps. Since the material of this chapter is somewhat independent of the
earlier chapters, we devote the first section of this chapter to introducing
terminology and concepts relevant to the chapter. Although near-rings are
a subset of gamma near-rings, we have chosen to follow the historical devel-
opment of the study of gamma near-rings and thus started with near-rings
and left the treatment of gamma near-rings to the final chapter. We also
feel that this aids the exposition, as the earlier chapters provide a concrete
basis for the more abstract study in the final chapter.
vThe unifying theme throughout this thesis is the concept of primeness, and
the layout we have adopted in this work is such that by the time one gets
to apply the notions of primeness to the more general concept of a gamma
near-ring, one has a solid grasp of these prime notions as applied to the
special case of a near-ring. However, the results of the final chapter are not
necessarily generalisations of those in the earlier chapters, since in all chap-
ters we deal with different constructions and study the interplay between
the properties of the object constructed and the ingredients of the particular
method of construction.
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Chapter 1
Introduction
This chapter outlines the terminology, notation and basic facts to be used
in subsequent chapters. We lay no claim to originality of any result in this
chapter as all the results of this chapter are drawn directly from or follow
easily from existing published literature.
1.1 Algebra
In this section we focus on near-ring concepts that have nothing to do with
topology and our basic references are Pilz [31] and Meldrum [27].
Definition 1.1.1 A (right) near-ring is a triple (N,+, · ) of a nonempty
set N together with two binary operations + and · (called addition and
multiplication respectively) defined on N such that the following hold:
1
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A1: (N,+) is a group (not necessarily abelian).
A2: (N, · ) is a semigroup.
A3: (a+ b)c = ac+ bc for all a, b, c ∈ N .
If instead of axiom A3, the axiom A3′: a(b+ c) = ab+ ac for all a, b, c,∈ N ;
holds, then N is called a left near-ring. Left near-rings are used by some
authors (e.g. Meldrum [27]); and all results about right near-rings have
an analogue for left near-rings and vice versa. In this thesis all near-rings
are right near-rings and will simply be called near-rings. It is clear from
Definition 1.1.1 that all rings are near-rings.
It is well known that for any ring R, 0x = 0 = x0 for all x ∈ R. In a near-
ring N , 0n = 0 for all n ∈ N is valid due to the right distributive law (axiom
[A3] of Definition 1.1.1). However, owing to the lack of left distributivity
in a near-ring, n0 = 0 does not hold in general. Those elements n ∈ N
which satisfy n0 = 0 are called zero-symmetric elements. The subnear-ring
N0 = {n ∈ N | n0 = 0} of zero-symmetric elements in N is called the
zero-symmetric part of N . If N = N0 then N is called a zero-symmetric
near-ring. If n ∈ N satisfies n0 = n (equivalently nx = n for all x ∈ N)
then n is called a constant element. The subset Nc = {n ∈ N | n0 = n} of
all constant elements of N is called the constant part of N . If N = Nc then
N is called a constant near-ring. The significance of the zero-symmetric and
constant parts of a near-ring lie in the following result:
Theorem 1.1.2 [27] Let N be a near-ring. Then (N0,+) is a normal sub-
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group of (N,+) and both N0 and Nc are subnear-rings of N . Moreover,
N = N0 +Nc and N0 ∩Nc = 0.
We now define several important subsets of a near-ring.
Definition 1.1.3 Let (N,+, ·) be a near-ring and ∅ 6= S ⊆ N .
(a) Then S is a subnear-ring of N if (S,+, ·) is a near-ring with respect
to the operations on N .
(b) If S satisfies NS = {na | n ∈ N, a ∈ S} ⊆ S then S is left invariant
in N . A left invariant subgroup of (N,+) is also called an N-subgroup.
(c) S is right invariant in N provided SN = {an | n ∈ N, a ∈ S} ⊆ S.
(d) S is invariant in N if S is both left and right invariant in N .
(e) If (S,+) is a normal subgroup of (N,+) such that n(m+a)−nm ∈ S
for all n,m ∈ N and all a ∈ S, then S is a left ideal of N .
(f) If (S,+) is a normal subgroup of (N,+) such that S is right invariant
in N , then S is a right ideal of N .
(g) S is an ideal of N (S CN) if S is both a left and a right ideal of N .
It is clear from Definition 1.1.3 that for any near-ring N , 0 and N are ideals
of N . Then N is a simple near-ring if the only ideals of N are 0 and N .
Definition 1.1.4 Let I be an ideal of a near-ring (N,+, ·). Then the addi-
tive factor group N/I = {n+I | n ∈ N} is a near-ring under the operations:
For all x, y ∈ N ,
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(x+ I) + (y + I) = (x+ y) + I and (x+ I)(y + I) = x · y + I.
The structure preserving mappings of near-rings are vital to their study, so
we define them here:
Definition 1.1.5 [31] Let (N,+, ·) and (M,⊕, ?) be near-rings. Then a
near-ring homomorphism is a mappping θ : N → M such that for all
n1, n2 ∈ N the following hold:
(a) θ(n1 + n2) = θ(n1)⊕ θ(n2).
(b) θ(n1 · n2) = θ(n1) ? θ(n2).
If θ is a surjective and injective near-ring homomorphism then θ is called an
isomorphism. Moreover, N and M are then said to be isomorphic (denoted
N ∼= M).
If θ : N → M is a near-ring homomorphism then the kernel of θ is defined
to be the set Kerθ = {x ∈ N | θ(x) = 0}. Ideals and kernels of homomor-
phisms are one and the same thing. This is best illustrated by the next result
and the natural homomorphism, pi : N → N/I defined by pi(n) = n+ I for
all n ∈ N .
Proposition 1.1.6 [31] Let θ : N → M be a near-ring homomorphism.
Then Kerθ is an ideal of N .
The familiar isomorphism theorems of ring theory can be proved easily for
near-rings as well:
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Theorem 1.1.7 [27] Let θ : N → M be a near-ring homomorphism with
I = Kerθ. Then N/I ∼= θ(N).
Proposition 1.1.8 [27] Let I, J C N . Then (I + J)/I ∼= J/(I ∩ J). Fur-
thermore, if I ⊆ J then (N/I)/(J/I) ∼= N/J .
Next, we define N -groups of a near-ring N . This is the near-ring analogue
of an R-module over a ring R.
Definition 1.1.9 Let (G,+) be a (not necessarily abelian) group and (N,⊕, ·)
be a near-ring. Let µ : N ×G→ G and denote µ(n, g) := ng. Then, (G, µ)
is called an N-group if for all g ∈ G, n,m ∈ N :
(a) (n⊕m)g = ng +mg and
(b) (n ·m)g = n(mg).
If N has unity 1 and 1g = g for all g ∈ G, then G is called a unital N-group.
If there is no danger of confusion, one often writes G instead of (G, µ).
Some authors also use the notation NG. A subgroup H of an N -group G
may satisfy the following:
1. nh ∈ H for all n ∈ N , h ∈ H.
2. H is a normal subgroup of G.
3. n(g + h)− ng ∈ H for all n ∈ N , g ∈ G, h ∈ H.
If a subgroup H of G satisfies 1 above, then H is called an N -subgroup of
G. H is called an N -ideal of G if H satisfies conditions 2 and 3 above. It is
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clear that 0 and G are N -ideals of G for any near-ring N .
If G is an N -group and H an N -ideal of G, then the factor group, G/H is
an N -group under the action n(g + H) = ng + H. Let G be an N -group
and H an N -ideal of G. We define the annihilator of the N -group G/H
by; Ann(G/H) = (H : G)N := {n ∈ N | ng ∈ H for all g ∈ G}. For
arbitrary nonempty subsets A and B of G, the subset (A : B)N of N is
defined by substituting A, B for H, G respectively. Thus, if A = 0 and
S is any nonempty subset of G we call (0 : S)N the annihilator of S in
N (or just the annihilator of S and write (0 : S) if N is understood). In
particular, (0 : G)N is the annihilator of G in N . Moreover, G is called a
faithful N -group if (0 : G)N = 0.
We now define some non-equivalent notions of primeness in near-rings:
Definition 1.1.10 [13] and [8] A near-ring N is
(a) 0-semiprime if ACN , A2 = 0 ⇒ A = 0;
(b) 0-prime if A,B CN , AB = 0 ⇒ A = 0 or B = 0;
(c) 2-prime if A, B are N-subgroups of N , AB = 0 ⇒ A = 0 or B = 0;
(d) 3-semiprime if a ∈ N , aNa = 0 ⇒ a = 0;
(e) 3-prime if a, b ∈ N , aNb = 0 ⇒ a = 0 or b = 0;
(f) equiprime if a, x, y ∈ N , anx = any for all n ∈ N ⇒ a = 0 or x = y.
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Veldsman introduced semi-equiprime near-rings in [35]; N is semi-equiprime
if a, x ∈ N , (a− x)na = (a− x)nx for all n ∈ N ⇒ a = x. It is easy to see
that equiprime ⇒ semi-equiprime ⇒ 3-semiprime.
Definition 1.1.11 Let N be a near-ring and P C N . Then P is called a
ν-prime (ν-semiprime) ideal of N if the factor near-ring N/P is a ν-prime
(ν-semiprime) near-ring, for ν = 0, 2, 3. P is an equiprime (semi-equiprime)
ideal of N if N/P is an equiprime (semi-equiprime) near-ring.
Remark 1.1.12 The relationships between the above concepts in the class
of zero-symmetric near-rings are equiprime ⇒ 3-prime ⇒ 2-prime ⇒ 0-
prime ⇒ 0-semiprime and 3-prime ⇒ 3-semiprime ⇒ 0-semiprime. For
arbitrary zero-symmetric near-rings these implications are not reversible.
However, there are situations under which some of the implications in Re-
mark 1.1.12 are reversible. For instance in the variety of all associative rings;
0-prime ⇒ equiprime and 0-semiprime ⇒ semi-equiprime (see [26]). For
rings, 0-prime is called prime and 0-semiprime is simply called semiprime.
We also have:
Proposition 1.1.13 [13] Let N be a near-ring with unity. Then N is 3-
prime if and only if N is 2-prime.
A near-ring N has the descending chain condition for ideals (left invariant
subgroups) if for every descending chain of ideals (respectively left invariant
subgroups) I1 ⊇ I2 ⊇ I3 . . . of N , there exists a positive integer k ∈ N such
that In = Ik for all n ≥ k, n ∈ N. When this happens, N is said to have (or
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to satisfy) the DCCI (respectively DCCN).
Proposition 1.1.14 [36] Let N be a zero-symmetric near-ring with a left
unity such that N satisfies the DCCN. Then N is 2-prime if and only if N
is equiprime.
It is well known that for rings, every simple ring with unity is prime. For
near-rings, it is well known that every simple near-ring with unity is 3-prime.
If N is a near-ring with unity which has no non-trivial invariant subgroups,
then it must be equiprime. However, the following open question (posed in
[8], [12]) remains:
Question 1.1.15 Let N be a zero-symmetric simple near-ring with unity.
Is N an equiprime near-ring?
If one can’t answer this question, then can one answer the seemingly easier
question:
Question 1.1.16 Let N be a zero-symmetric 3-prime near-ring with unity.
Is N an equiprime near-ring?
Obviously, a positive solution to Question 1.1.16 implies a positive solution
to Question 1.1.15, but not conversely.
Of all the notions of primeness defined in Definition 1.1.10, equiprimeness
is of particular interest from the radical-theoretic viewpoint in that it leads
to the only known Kurosh-Amitsur prime radical in the varieties of both
zero-symmetric and general near-rings [8]. This leads us to the following
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definition:
Definition 1.1.17 Let ρ be a mapping which assigns to each near-ring N
an ideal ρ(N) of N . Then ρ is a Hoehnke radical (also called an H-radical
or just a radical map) if it satisfies the following conditions:
(H1) (ρ(N) + I)/I ⊆ ρ(N/I) for all I CN ,
(H2) ρ(N/ρ(N)) = 0 for all N .
The Hoehnke radicals are very general; from Mlitz [28] we have the following:
Theorem 1.1.18 [28] LetM be a class of near-rings and let ρ be the map-
ping which assigns to each near-ring N the ideal ρ(N) = ∩{I CN | N/I ∈
M}. Then the mapping ρ is an H-radical.
It is clear that an H-radical only gives information on the relationship be-
tween the radical ρ(N) of N and the radical of a homomorphic image of N .
In light of Theorem 1.1.18 we have:
Example 1.1.19 The following are Hoehnke radical maps (where ν = 0, 2, 3);
(a) Pν defined by Pν(N) = ∩{I CN | I is a ν-prime ideal of N}.
(b) Pe defined by Pe(N) = ∩{I CN | I is an equiprime ideal of N}.
If I C N then a Hoehnke radical gives no information on the relationship
between ρ(N) and ρ(I). But this is, amongst others, what the general theory
of radicals is all about: Given a near-ring N , then it should provide some
information on the relationship between ρ(N) and the radicals of near-
10 CHAPTER 1. INTRODUCTION
rings related to N such as homomorphic images, ideals, extensions, etc. The
following relationships between the radicals of a near-ring and its ideals play
an important role in the general theory of radicals:
Definition 1.1.20 An H-radical ρ is
(H3) complete if I CN and ρ(I) = I implies I ⊆ ρ(N).
(H4) idempotent if ρ(ρ(N)) = ρ(N).
(H5) ideal-hereditary if ρ(I) = I ∩ ρ(N) for all I CN .
If ρ is an H-radical which is idempotent and complete, then it is called a
Kurosh-Amitsur radical map (KA-radical map).
Since all the prime radicals are Hoehnke radicals, a natural question to ask
is: Which of the prime radicals (defined in Example 1.1.19) are KA-radicals?
In [1] Birkenmeier et al proved that if S is a subnear-ring of N then S ∩
P0(N) ⊆ P0(S) and from Miltz and Veldsman [29], it now follows that P0 is
idempotent. In [20] an example was given to show that P0 is not complete.
Hence P0 is not a KA-radical. There are examples of finite and non-zero-
symmetric near-rings for which P2 is not complete and P3 is not idempotent.
It remains an open question whether P2 and P3 are Kurosh-Amitsur radical
maps on the class of all zero-symmetric near-rings.
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1.2 Topology
We will define basic topological terms and introduce topological concepts
that will be used in this work. Our main reference for this section is [30].
Definition 1.2.1 [30] Let X be a set. A topology on X is a collection τ of
subsets of X, called open sets, satisfying the following properties:
(a) τ contains ∅ and X.
(b) For any subcollection {Oα}α∈Λ ⊆ τ , we have
⋃
α∈ΛOα ∈ τ .
(c) For any O,U ∈ τ , the intersection O ∩ U ∈ τ .
If τ is a topology on X, then the pair (X, τ) is called a topological space.
Let (X, τ) be a topological space. We will often employ the common abuse
of notation and write X for (X, τ).
Example 1.2.2 Let X be any set. The power set of X, denoted by 2X , is
a topology on X. It is called the discrete topology on X.
A concrete example of a topological space is the set of real numbers R under
the standard (Euclidean) topology.
Definition 1.2.3 Let X be a topological space with topology τ . For a subset
Y of X, we call the topology τY = {Y ∩O | O is an open subset of X}, the
subspace topology on Y inherited from X. When the sets X and Y are clear,
we will simply call τY the subspace topology. With this topology, Y is called
a topological subspace of X.
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Definition 1.2.4 Let X be a set. A collection B of subsets of X is a topo-
logical basis, or simply a basis, if the following two conditions are satisfied:
(a) X = ∪{A | A ∈ B}.
(b) If x ∈ B1 ∩ B2 for B1, B2 ∈ B then there exists Bx ∈ B such that
x ∈ Bx ⊆ B1 ∩B2.
If B is a basis, then we call the elements of B basic sets or basis sets. For
example, the collection of open intervals, (a, b) = {x ∈ R | a < x < b}
(where a, b ∈ R) is a basis for the standard (Euclidean) topology on R.
Proposition 1.2.5 [30] Let B be a topological basis on a set X. Then there
is a unique topology τ on X in which every open set U ∈ τ is the union of
basic sets.
The topology τ of Proposition 1.2.5 is said to be generated by B.
Definition 1.2.6 Let X be a topological space. Then X is disconnected if
there exist nonempty disjoint open sets P and Q such that X = P ∪Q. We
say that X is connected if it is not disconnected.
For a topological space X and a subset Y of X, we call Y a connected set
if it is a connected space with the subspace topology inherited from X.
Definition 1.2.7 Let X be a topological space. A subset F of X is closed
if its complement is open, (i.e. if X \ F ∈ τ). A clopen set is one that is
both open and closed.
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For a subset A of a topological space X, the smallest closed set contain-
ing A is called the closure of A (denoted cl(A)). Thus, cl(A) = ∩{B |
B is a closed subset of X and A ⊆ B}. It can easily be shown that the
closure of a set is a closed set and A = cl(A) if and only if A is a closed set.
Note that the closure of A is equivalently defined as follows: cl(A) = {x ∈
X | x is a limit point of A}, where x ∈ X is a limit point of A if for every
open set O of X such that x ∈ O we have O ∩ A 6= ∅. A subset D of a
topological space X is said to be dense in X if cl(D) = X. Therefore, D is
dense in X if and only if for every x ∈ X and every open set O containing
x, O ∩D 6= ∅. From Munkres [30, Theorem 1.4, page 149] we have:
Proposition 1.2.8 [30] Let A be a connected subset of a topological space
X. Then the closure of A is a connected subset of X.
Definition 1.2.9 Let X be a topological space. Then the connected compo-
nent of x is the set C(x) = ∪{A ⊆ X | A is a connected set containing x}.
We note that C(x) is always nonempty for the singleton {x} is always a con-
nected set containing x. One proves easily that C(x) is a closed, connected
subset of X ([30]). Thus C(x) is the largest connected set containing x. It
may further be shown that the connected components of a topological space
X partition the space, so that X =
⋃
x∈X C(x), where any two connected
components C(x) and C(y) are either equal or disjoint.
Proposition 1.2.10 Let A and B be connected subsets of X. If A∩B 6= ∅,
then A ∪B is connected.
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Definition 1.2.11 Let X, Y be topological spaces. A function f : X → Y
is continuous if for any open subset U of Y , f−1(U) := {x ∈ X | f(x) ∈ U}
is an open set in X.
The next result shows that the property of connectedness is preserved under
continuous maps.
Proposition 1.2.12 Let f : X → Y be a continuous function between
topological spaces. If C ⊆ X is a connected set, then f(C) ⊆ Y is also a
connected set.
The definition of a topological group requires us to deal with continuous
functions to and from product spaces. So we will define product spaces
next. Let {Xα | α ∈ Λ} be a collection of sets indexed by the set Λ. The
cartesian product, or simply product, of the sets Xα is the set,
∏
α∈Λ
Xα =
{
f : Λ→
⋃
α∈Λ
Xα | f(β) ∈ Xβ for each β ∈ Λ
}
.
If Xα = X for all α ∈ Λ and |Λ| = ω, we write Xω :=
∏
α∈Λ
Xα. If Λ is finite
with k elements, then we denote
∏
α∈ΛXα by
∏k
α=1Xα. For each β ∈ Λ, the
βth coordinate projection map is the function piβ :
∏
α∈ΛXα → Xβ defined
by piβ(f) = f(β).
Definition 1.2.13 Let {(Xα, τα) | α ∈ Λ} be a collection of topological
spaces. The product topology on
∏
α∈ΛXα is the topology generated by the
basis B =
{⋂k
i=1 pi
−1
βi
(Oβi) | β1, β2, . . . , βk ∈ Λ, Oβi ∈ τi, k ∈ N
}
. With this
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topology,
∏
α∈Λ Xα is called the product space.
Proposition 1.2.14 [30] Let X, {Xα}α∈Λ be topological spaces. A function
f : X → ∏α∈ΛXα is continuous if and only if the coordinate function
fα : X → Xα defined by fα = piα ◦ f is continuous for each α ∈ Λ.
Proposition 1.2.15 [30] Let X, Y and Z be topological spaces. Suppose
that f : X → Y and g : X → Z are continuous functions. Then the
function h : X → Y × Z defined by h(x) = (f(x), g(x)) is continuous.
1.3 Topological groups
All concepts in the previous section may be applied to topological groups,
where they are considered to apply to the underlying topology of the topo-
logical group. For basic concepts on topological groups, we refer to Higgins
[15] and Husain [19]. Further references are given as needed.
Definition 1.3.1 [15] A topological group is a triple (G,+, τ), where (G,+)
is a group and τ is a topology defined on G such that the following two
axioms hold:
(a) The mapping (x, y) 7→ x+ y of G×G into G is continuous.
(b) The mapping x 7→ −x of G into G is continuous.
Concrete examples of topological groups are: the additive group of real
numbers R under the Euclidean topology and the additive matrix group
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Mn(R) (n ∈ N) which is homeomorphic to Rn2 with the Euclidean topology.
It is an easy excercise to show that for any topological group G and a ∈ G,
the following maps are homeomorphisms of G:
 ra : G→ G defined by ra(x) = x+ a.
 la : G→ G defined by la(x) = a+ x.
We will call the above maps, right translation by a and left translation by
a respectively. A topological space X is called a homogeneous space if for
any points x, y ∈ X there is a surjective continuous self-map f : X → X
with f(x) = y. It follows from the fact that the right and left translation
maps are homeomorphisms that topological groups are homogeneous. We
will make use of the following well known result (see Higgins [15, Theorem
1]):
Proposition 1.3.2 [15] Let G be a topological group and let G0 := C(0)
be the connected component of G containing the identity element, 0, of the
group G. Then G0 is a closed, connected, normal subgroup of G and the
connected components of G are just the cosets of G0 in G. Moreover, every
open subgroup of G contains G0.
Definition 1.3.3 Let X be a topological space. Then X is a path connected
space if for any x, y ∈ X, there exists a continuous map α : [0, 1]→ X such
that α(0) = x and α(1) = y. The map α is then said to be a path from x
to y in X. If X is a topological group whose underlying topological space is
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path connected, then X is a path connected topological group.
Evey path connected space is connected [30]. An example of a path con-
nected topological group is (R,+) under the Euclidean topology, while the
rationals (Q,+) in the subspace topology inherited from R, is a totally dis-
connected group (that is, each connected component consists of a single
point).
We note that there is a lack of consensus in the literature with regard to
separation axioms. We clarify our convention with regard to these. From
[15]: A topological space X is called a T0 space if for any pair of distinct
points, there exists an open set containing one point and not the other; X
is T1 if for x, y ∈ X and x 6= y, there exist open sets U , V such that x ∈ U
and y ∈ V with y /∈ U and x /∈ V . A topological space X is said to be
regular if for any closed subset C of X and x ∈ X \ C, there exist disjoint
open sets U , V such that C ⊆ U and x ∈ V . If for any C and x as in the
previous sentence, there exists a continuous function f : X → [0, 1] (where
[0, 1] is the closed unit interval on the real line) such that f(C) = {0} and
f(x) = 1 , then X is completely regular. X is called a T3 space if X is T1
and regular. X is a T3 1
2
(or a Tychonoff) space if it is completely regular
and T1. Note that, in this scheme: T3 1
2
⇒ T3 ⇒ T1 ⇒ T0. We know that
every topological group is regular [15, Proposition 4, page 32]. Therefore we
have the following result (cf. [19, Chapter 3, Theorem 4 and 5]):
Proposition 1.3.4 [19] Let G be a T0 topological group. Then G is T3 1
2
.
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In the sequel, all topological groups (including topological rings, which will
be defined later) will be assumed to be T0, and hence T3 1
2
.
Definition 1.3.5 Let X be a topological space. Then X is 0-dimensional if
the topology on X has a base consisting of clopen sets.
We note that any discrete topological space is 0-dimensional. The prototype
of a near-ring is the set M(G) := {f | f : G → G} of all self-maps of an
additively written (but not necessarily abelian) group with the operations
pointwise addition and composition of functions. The subnear-ring N(G) :=
{a ∈M(G) | a is continuous } of M(G) was studied by Hofer in [16] where
he studied (for a disconnected group G) simplicity of N(G) and its zero-
symmetric part N0(G) := {a ∈ N(G) | a(0) = 0}. It is well known that for
any group G, M0(G) is simple, i.e. it has only the two trivial ideals. Hofer
[16] showed that for many topological groups N0(G) is simple if and only
if G is discrete. Note that if G is discrete, then N0(G) = M0(G) := {f ∈
M(G) | f(0) = 0}. In [7], Booth and Hall initiated a study of primeness of
the near-ring N0(G).
Proposition 1.3.6 [7] Let G be a topological group which is 0-dimensional
or path connected. Then N0(G) is equiprime.
Since the discrete topology is 0-dimensional, this implies that M0(G) is
equiprime. This need not be the case for N0(G) in general, as the following
example shows.
Example 1.3.7 Let G = R × Z2 have the product topology with respect to
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the Euclidean and discrete topologies on R and Z2, respectively. Let I :=
{a ∈ N0(G) | a(G) ⊆ R × 0} and J := {a ∈ N0(G) | a(R × 0) = (0, 0)}.
Then it is shown in [7] (for a more general setting) that I, J CN0(G) and
I ∩ J 6= 0. Moreover, (I ∩ J)2 = 0, so N0(G) is not 0-semiprime.
In this thesis we continue the study of primeness of certain subnear-rings of
N(G) as well as initiate a study of gamma near-rings of continuous maps.
Chapter 2
Primeness of Wielandt
near-rings of continuous maps
In this chapter we study primeness in Wielandt near-rings of continuous
maps. We consider several scenarios by imposing various topological condi-
tions on the group G and the subgroup H of Gk. For a discrete group, the
class of Wielandt near-rings was proposed by Wielandt in [37]. A number of
papers on Wielandt near-rings have appeared in the literature. For example,
Maxson and Smith [25] characterized the simplicity of M0(G, 2, H) in terms
of properties of H, where G is a finite (discrete) group.
20
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2.1 Preliminaries
We will start with a few definitions and fix our notation in this section.
We will also state some observations which will be used in the rest of the
chapter without further notice.
Let k be a positive integer and H be a (not necessarily normal) subgroup of
Gk (denoted H ≤ Gk), where G is a topological group. Then the near-ring
N(G, k,H) = {f : G→ G|f is continuous and f(H) ⊆ H}
is called a Wielandt near-ring, where f is the self-map of Gk (naturally in-
duced by f : G→ G), defined by f(g1, g2, . . . , gk) = (f(g1), f(g2), . . . , f(gk))
for all (g1, g2, . . . , gk) ∈ Gk. The 0-symmetric part of N(G, k,H) is denoted
by N0(G, k,H). If G is a discrete group then the usual notations for the near-
rings mentioned above (in respective order of appearance) are M(G, k,H)
and M0(G, k,H).
Let pii:G
k → G be the ith projection mapping and ιi:G → Gk the ith
injection. These mappings are defined by pii(g1, g2, . . . , gi, . . . , gk) = gi and
ιi(g) = (0, 0, . . . , g, . . . , 0), where g is in the ith position. We will denote
pii(H) := Hi and ι
−1
i (H) := Hi. It is easy to see thatHi andHi are subgroups
ofG andHi is a normal subgroup ofHi. Furthermore, from f(H) ⊆ H we get
pii(f(H)) ⊆ pii(H) = Hi. Thus, for any f ∈ N(G, k,H) we have f(Hi) ⊆ Hi
and f(
⋂k
i=1Hi) ⊆
⋂k
i=1Hi. Moreover, if f ∈ N0(G, k,H), then f(Hi) ⊆ Hi.
We further observe that:
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(a) H = 0 if and only if
⋃k
i=1 Hi = 0.
(b) H = Gk if and only if
⋂k
i=1Hi = G.
(c) H =
∏k
i=1Hi if and only if Hi = Hi for all 1 ≤ i ≤ k.
In case (a): N(G, k,H) = N0(G) and in case (b): N(G, k,H) = N(G).
Therefore, in either case (a) or (b), N0(G, k,H) = N0(G). We find that
N(G) is always 3-prime due to the fact that N(G) contains all constant
self-maps of G since every constant map is continuous in any topology. We
give the more general:
Lemma 2.1.1 Let G be a topological group. If R is a subnear-ring of N(G)
such that Nc(G) ⊆ R, then R is 3-prime.
Proof: Let 0 6= a ∈ R and 0 6= b ∈ R. Then a(g) 6= 0 for some g ∈ G.
Define fg : G → G by fg(x) = g for all x ∈ G. Then, fg ∈ R and
afgb(x) = a(g) 6= 0. Hence afgb 6= 0 and R is 3-prime.
In contrast we have:
Lemma 2.1.2 Let G be a topological group which contains a proper nonzero
open subgroup H. Then N(G, 1, H) is not 3-semiprime.
Proof: Let 0 6= h ∈ H and a : G→ G be given by
a(x) =
{
h if x ∈ G \H
0 if x ∈ H
.
Then 0 6= a ∈ N(G, 1, H) and ana(x) = 0 for all x ∈ G and for all n ∈
N(G, 1, H). Hence N(G, 1, H) is not 3-semiprime.
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Clearly the mapping a used in the proof of Lemma 2.1.2 is an element
of N0(G, 1, H). Consequently, it follows that for H as in Lemma 2.1.2,
N0(G, 1, H) is not 3-semiprime and in the discrete case M(G, 1, H) and
M0(G, 1, H) are not 3-semiprime for any proper nonzero subgroup H of G.
For instance, M0(R, 1,Q) is not 3-semiprime. In sharp contrast, N0(R, 1,Q)
is not only 3-semiprime, it is equiprime (see Example 2.3.5).
It is a well known topological result that pii and ιi are continuous homomor-
phisms and that pii is an open map. Thus we can prove:
Lemma 2.1.3 Let G be a topological group and let H be an open subgroup
of Gk. Then
⋃k
i=1 Hi is a clopen subset of G, while
⋂k
i=1 Hi and
⋂k
i=1 Hi are
clopen subgroups of G. Moreover, we have G0 ⊆
⋂k
i=1Hi ⊆
⋂k
i=1Hi.
Proof: The projection pii is an open continuous homomorphism. Hence,
H being open in Gk implies pii (H) = Hi is open in G, whence, Hi being
an open subgroup, is clopen and it follows that
⋃k
i=1 Hi is a clopen subset
of G and
⋂k
i=1Hi is a clopen subgroup of G. On the other hand, since H
is open and the injection, ιi is a continuous map, ι
−1
i (H) = Hi is open,
whence closed (because Hi is a subgroup). Thus, the intersection,
⋂k
i=1Hi,
is a clopen subgroup of G. Lastly, the component of 0 is contained in every
open subgroup of G.
Lemma 2.1.4 Let H be a closed subgroup of Gk . Then the following hold:
(a) Hi is closed for each 1 ≤ i ≤ k.
(b) If H =
∏k
i=1 Hi then Hi is closed for each 1 ≤ i ≤ k.
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Proof:
(a) The injection ιi is continuous and the inverse image of a closed set
under a continuous map is closed; thus, since H is closed we get
ι−1i (H) = Hi is closed.
(b) This follows from the first part above, in conjunction with the fact
that H =
∏k
i=1Hi if and only if Hi = Hi for all 1 ≤ i ≤ k.
2.2 Primeness of N(G, κ,H), H an open sub-
group of Gκ
We now investigate primeness of the Wielandt near-ring N (G, k,H) in the
case that H is a proper open subgroup of Gk. This implies that G is a
disconnected topological group.
Proposition 2.2.1 Let H be a nonzero proper open subgroup of Gk. If
N (G, k,H) is 3-semiprime then the following hold:
(a)
⋃k
i=1Hi = G.
(b)
⋂k
i=1Hi 6= G implies that
⋂k
i=1 Hi = 0 and G is discrete.
Proof:
(a) Suppose
⋃k
i=1 Hi 6= G and let 0 6= h ∈
⋃k
i=1 Hi (this is possible since
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H is nonzero). Then define the following map:
a (x) =
 h if x ∈ G \
⋃k
i=1 Hi
0 if x ∈ ⋃ki=1 Hi .
Since H is open,
⋃k
i=1 Hi is clopen by Lemma 2.1.3. Hence a is contin-
uous and clearly a ∈ N (G, k,H)
(
also 0 6= a because ⋃ki=1Hi 6= G).
Furthermore, we have ana (G) = an ({0, h}) ⊆ a
(⋃k
i=1 Hi
)
= 0,
so ana = 0 for all n ∈ N(G, k,H). This is a contradiction since
N(G, k,H) is 3-semiprime. Hence,
⋃k
i=1Hi = G holds.
(b) Suppose
⋂k
i=1 Hi 6= G and let h ∈
⋂k
i=1 Hi. Then define the map
a (x) =
 h if x ∈ G \
⋂k
i=1 Hi
0 if x ∈ ⋂ki=1 Hi .
Since H is open,
⋂k
i=1Hi is clopen by Lemma 2.1.3, hence the function
a is continuous and so a ∈ N (G, k,H). Furthermore, since {0, h} ⊆⋂k
i=1Hi ⊆
⋂k
i=1 Hi and for all n ∈ N (G, k,H), n
(⋂k
i=1Hi
)
⊆ ⋂ki=1Hi,
we have ana (G) = an ({0, h}) ⊆ a
(⋂k
i=1Hi
)
= 0, so ana = 0. By the
3-semiprimeness of N (G, k,H), we get a = 0. Since
⋂k
i=1 Hi 6= G there
exits g ∈ G \⋂ki=1Hi. Then h = a (g) = 0 (g) = 0G. As h ∈ ⋂ki=1Hi
was arbitrary, we have
⋂k
i=1 Hi = 0G. Finally, G is discrete since
{0G} =
⋂k
i=1Hi is an open set in G and G is homogeneous.
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The following is an immediate consequence of Proposition 2.2.1.
Corollary 2.2.2 Let H =
∏k
i=1Hi be a proper open subgroup of G
k. If
N (G, k,H) is 3-semiprime then
⋂k
i=1Hi = 0 and G is a discrete group.
Proof: Since H =
∏k
i=1Hi we have Hi = Hi for all 1 ≤ i ≤ k and also
since H is a proper subgroup of Gk, we obtain Hi = Hi 6= G for some
1 ≤ i ≤ k. Hence, ⋂ki=1Hi ⊆ Hi 6= G and the result holds by Proposition
2.2.1 (b).
From Corollary 2.2.2 above we can see that when H (0 6= H 6= Gk) is a
direct product of subgroups of G, then N (G, k,H) can only be 3-semiprime
if the topology on G is discrete and N (G, k,H) is 0-symmetric and coincides
with M0 (G).
Proposition 2.2.3 Let G be a topological group and let H be a nonzero
proper open subgroup of Gk. If H =
∏k
i=1Hi then the following are equiva-
lent:
(a) N(G, k,H) is 3-prime.
(b) For each j, either Hj = G or Hj = 0.
(c) N (G, k,H) is equiprime.
Proof: (a) ⇒ (b): Suppose N (G, k,H) is 3-prime. Then ⋂ki=1Hi = 0 and
G is a discrete group by Corollary 2.2.2. Moreover, for all f ∈ N (G, k,H),
we have f
(⋂k
i=1 Hi
)
⊆ ⋂ki=1 Hi. Thus we obtain f (0) = 0 for all f ∈
N (G, k,H) and so N (G, k,H) = M0 (G, k,H). Thus M0 (G, k,H) is 3-
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prime and (b) follows by [36, Proposition 10.3].
(b) ⇒ (c): We observe that under the given hypothesis, (b) implies that
N (G, k,H) = M0 (G) and M0 (G) is well known to be equiprime (see [36]).
(c) ⇒ (a): This is obvious.
2.3 Primeness of N(G, κ,H) in 0-dimensional
groups
In this section, we continue our study of the case in whichG is a disconnected
group. In particular, here we look at 0-dimensional groups. Such groups
are totally disconnected. Examples of 0-dimensional groups are all discrete
groups as well as the group of rationals Q as a subspace of the additive
group of real numbers, R in the Euclidean topology.
Proposition 2.3.1 Let G be a 0-dimensional group and let H be a sub-
group of Gk such that 0 6= H 6= Gk. If N (G, k,H) is 3-semiprime then the
following hold:
(a) cl
(⋃k
i=1Hi
)
= G.
(b) cl
(⋂k
i=1Hi
)
6= G implies that ⋂ki=1 Hi = 0.
Proof:
(a) Assume that cl
(⋃k
i=1Hi
)
6= G and let g ∈ G \ cl
(⋃k
i=1Hi
)
and 0 6=
h ∈ ⋃ki=1Hi. Then the fact that cl (⋃ki=1 Hi) is closed and G is regular
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in conjunction with G being a 0-dimensional space implies that there
exists a clopen neighborhood V of g such that cl
(⋃k
i=1 Hi
)
⊆ G \ V .
Let a : G→ G be defined by:
a (x) =
 0 if x ∈ G \ Vh if x ∈ V .
Since V is clopen, a is continuous and a is nonzero because a (g) = h 6=
0. Also {0, h} ⊆ ⋃ki=1Hi and for any n ∈ N(G, k,H), n(⋃ki=1Hi) ⊆⋃k
i=1Hi, whence
ana (G) = an ({0, h}) ⊆ a
(
k⋃
i=1
Hi
)
⊆ a (G \ V ) = 0
and so ana = 0 holds for all n ∈ N (G, k,H). This contradicts the
fact that N (G, k,H) is 3-semiprime. Hence, cl
(⋃k
i=1Hi
)
= G holds.
(b) Suppose cl
(⋂k
i=1Hi
)
6= G and let g ∈ G \ cl
(⋂k
i=1Hi
)
and also
let h ∈ ⋂ki=1Hi. Then, since G is regular there exists an open and
whence by G being 0-dimensional, a clopen set W with g ∈ W and
cl
(⋂k
i=1Hi
)
⊆ G \W . Now let a : G→ G be defined by:
a (x) =
 0 if x ∈ G \Wh if x ∈ W .
Since W is clopen, the function a is continuous and also since a (G) =
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{0G, h} ⊆
⋂k
i=1Hi, it follows that a ∈ N0(G, k,H) ⊆ N (G, k,H).
Furthermore,
⋂k
i=1Hi ⊆
⋂k
i=1Hi and for all n ∈ N (G, k,H), we have
n
(⋂k
i=1Hi
)
⊆ ⋂ki=1 Hi, so that ana (G) = an ({0, h}) ⊆ a(⋂ki=1Hi) ⊆
a (G \W ) = 0G. Hence ana = 0. Thus a = 0 follows from the fact
that N (G, k,H) is 3-semiprime and so h = a (g) = 0 (g) = 0G. Since
h ∈ ⋂ki=1Hi was arbitrary, we get ⋂ki=1 Hi = 0.
Next we state the 0-symmetric analogue of the result above. Since f
(
Hi
) ⊆
Hi for all f ∈ N0 (G, k,H), the result is stronger than in the case of
N (G, k,H). However, the proof runs along similar lines and is omitted.
Proposition 2.3.2 Let G be a 0-dimensional group and let H be a sub-
group of Gk such that 0 6= H 6= Gk. If N0(G, k,H) is 3-semiprime then
cl
(⋃k
i=1Hi
)
= G and either
⋂k
i=1Hi = 0 or cl
(⋂k
i=1Hi
)
= G.
By applying Proposition 2.3.2 to the case when G is a discrete group, as well
as using the fact that every 3-prime near-ring is 3-semiprime we obtain [36,
Proposition 10.1] of Veldsman as a corollary. Note that if we take k = 1 in
both Proposition 2.3.1 and 2.3.2, then H = H1 = H1 =
⋃k
i=1 Hi =
⋂k
i=1Hi
and we obtain:
Corollary 2.3.3 Let G be a 0-dimensional group and let H be a subgroup
of G such that H 6= 0. If N (G, 1, H) or N0 (G, 1, H) is 3-semiprime then
H is dense in G.
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The next result shows when the converse of Corollary 2.3.3 is valid. In what
follows, a topological field, say F , is a field with a topology τ defined on F
such that, addition, multiplication and the taking of both additive as well
as multiplicative inverses are all continuous operations with respect to τ .
Proposition 2.3.4 Let G be a topological field and let H be a subfield of
G. If H is dense in G, then N0(G, 1, H) is equiprime.
Proof: Let a, x, y,∈ N0(G, 1, H) be such that a 6= 0 and x 6= y. Then
there exist u, v ∈ G such that a(u) 6= 0 and x(v) 6= y(v). Since a, x, y are
continuous andH is dense inG we may choose u, v ∈ H, so a(u), x(v), y(v) ∈
H. Now x(v) 6= y(v) implies x(v) 6= 0 or y(v) 6= 0. Assume the former
(exchanging x and y if necessary). Let n be a polynomial function with
coefficients in H such that n(0) = 0 = n(y(v)) and n(x(v)) = u. Then
n ∈ N0(G, 1, H) and anx(v) = a(u) 6= 0 and any(v) = 0. Hence anx 6= any,
so N0(G, 1, H) is equiprime.
Example 2.3.5 N0(R, 1,Q) is equiprime, where R denotes the real num-
bers with the usual Euclidean topology and Q denotes the rational numbers
with the subspace topology.
It may be asked whether Proposition 2.3.4 is valid for k > 1 (H not neces-
sarily a field). The next example answers this question in the negative.
Example 2.3.6 Let C denote the complex numbers, with the usual topology.
Let F1 = Q(i) = {u+ iv | u, v ∈ Q}, F2 = Q(i
√
2) =
{
u+ iv
√
2 | u, v ∈ Q}
and H = F1 × F2. Clearly, both F1 and F2 are dense in C. It is easily
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seen that F1 ∩ F2 = Q. It follows that, if a ∈ N0(C, 2, H), then a maps Q
into itself. If u ∈ R, let (rn) be a sequence of rational numbers such that
limn→∞ rn = u. Since a(rn) ∈ R and R is closed in C, a(u) ∈ R. Hence every
element of N0(C, 2, H) maps R into itself. Now let z = u+iv be an arbitrary
element of C and define f(z) = u and h(z) = iv. It is easily verified that
f ∈ N0(C, 2, H). Let m be an arbitrary element of N0(C, 2, H). Since m
maps R into R, hmf(z) = 0C, so hmf = 0. It follows that N0(C, 2, H) is
not 3-prime, and hence not equiprime.
If H is a direct product of subgroups of G satisfying 0 6= H 6= Gk then
clearly there exists i such that Hi 6= G. In this case, if H is closed then by
Lemma 2.1.4, so is each Hj. Moreover,
k⋂
j=1
Hj = cl(
k⋂
j=1
Hj) ⊆ cl(Hi) = Hi 6= G,
whence by applying Proposition 2.3.1 we obtain:
Corollary 2.3.7 Let G be a 0-dimensional group and let H be a closed
subgroup of Gk such that 0 6= H 6= Gk. If H = ∏ki=1 Hi then N (G, k,H)
3-semiprime implies that
⋃k
i=1Hi = G and
⋂k
i=1 Hi = 0.
We note that the zero-symmetric analogue of Corollary 2.3.7 follows as an
application of Proposition 2.3.2. Thus, Corollary 2.3.7 remains valid if we
replace N (G, k,H) by N0 (G, k,H). We will use this fact in proving our
next result.
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Proposition 2.3.8 Let G be a 0-dimensional topological group, k a positive
integer and let H be a nonzero proper closed subgroup of Gk. If H =
∏k
i=1Hi
then the following are equivalent:
(a) N(G, k,H) is 3-prime.
(b) For each j, either Hj = G or Hj = 0.
(c) N (G, k,H) is equiprime.
Proof: (a) ⇒ (b):Assume that for some i, 0 6= Hi 6= G. Consider Λ ⊆
{1, 2, . . . , k} such that, for any j ∈ Λ we have 0 6= Hj 6= G. Then
∏
j∈ΛHj
is a closed subgroup of Gk
′
satisfying 0 6= ∏j∈ΛHj 6= Gk′ , where |Λ| = k′.
Since N (G, k,H) is 3-semiprime we obtain
⋂k
i=1 Hi = 0 by Corollary 2.3.7.
It then follows that N (G, k,H) = N0
(
G, k′,
∏
j∈ΛHj
)
and thus, we obtain⋃
j∈ΛHj = G by the 0-symmetric version of Corollary 2.3.7. Consequently,
for some j0 ∈ Λ we have Hj0 \
(⋃
j0 6=j∈ΛHj
)
= G \
(⋃
j0 6=j∈ΛHj
)
is a non-
empty open subset of G which is contained in Hj0 . Therefore, Hj0 is an open
subgroup of G. Let g ∈ G \ Hj0 and 0 6= h ∈ Hj0 and also let the maps
a : G→ G and b : G→ G be defined by
a (x) =
 0 if x ∈ G \Hj0x if x ∈ Hj0 and b (x) =
 x if x ∈ G \Hj00 if x ∈ Hj0 .
Both of these functions are obviously nonzero. Since Hj0 is clopen the maps
a and b are continuous and clearly a, b ∈ N (G, k,H). Furthermore, we
have for all n ∈ N (G, k,H), bna (G) = bn (Hj0) ⊆ b (Hj0) = 0, so bna = 0.
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This contradicts the fact that N (G, k,H) = N0
(
G, k′,
∏
j∈Λ Hj
)
is 3-prime.
Therefore, for each j, either Hj = G or Hj = 0.
(b)⇒ (c) We observe that since 0 6= H 6= Gk, (b) implies that Hi = 0 for at
least one i and Hj = G whenever Hj 6= 0, whence, N (G, k,H) = N0 (G).
Since G is a 0-dimensional T0 group we obtain N0 (G) is equiprime by [7].
(c) ⇒ (a): This is obvious.
2.4 Primeness of N(G, κ,H) in path connected
groups
We now consider the opposite scenario to the previous section in which G
was a totally disconnected topological group by treating in this section the
case of a path connected subgroup, H of Gk.
Proposition 2.4.1 Let G be a topological group and let H be a path con-
nected subgroup of Gk such that 0 6= H 6= G and ⋂ki=1Hi is path connected.
If N (G, k,H) is 3-semiprime, then the following hold:
(a) cl
(⋃k
i=1Hi
)
= G.
(b) cl
(⋂k
i=1Hi
)
6= G implies that ⋂ki=1 Hi = 0.
Proof:
(a) Assume that cl
(⋃k
i=1 Hi
)
6= G and let g ∈ G \ cl
(⋃k
i=1Hi
)
and
0 6= h ∈ ⋃ki=1 Hi. Since H is path connected it follows that pii (H) =
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Hi is path connected. Consequently
⋃k
i=1Hi is path connected since
0 ∈ ⋂ki=1 Hi (and so ⋂ki=1Hi 6= ∅). Thus, there exists a continuous
map a : [0, 1] → ⋃ki=1Hi, such that, a (0) = h and a (1) = 0G. Now
since cl
(⋃k
i=1Hi
)
is closed and G is completely regular, there exists
a continuous map f : G→ [0, 1], such that, f
(
cl
(⋃k
i=1 H
))
= 1 and
f (g) = 0. Let b = af . Then b is a continuous self-map of G which
satisfies:
b
(
cl
(
k⋃
i=1
Hi
))
= af
(
cl
(
k⋃
i=1
Hi
))
= a (1) = 0G,
and b (G) = af (G) ⊆ a ([0, 1]) ⊆ ⋃ki=1Hi. We have b (g) = af (g) =
a (0) = h 6= 0G and so 0 6= b ∈ N (G, k,H). Moreover, it is clear that
bnb = 0 holds for all n ∈ N (G, k,H). This contradicts the fact that
N (G, k,H) is 3-semiprime. Hence, cl
(⋃k
i=1 Hi
)
= G holds.
(b) Suppose cl
(⋂k
i=1 Hi
)
6= G and let g ∈ G \ cl
(⋂k
i=1Hi
)
and also
let h ∈ ⋂ki=1Hi. Then, since G is completely regular there exists a
continuous map f1 : G → [0, 1] such that f1
(
cl
(⋂k
i=1Hi
))
= 1 and
f1 (g) = 0. Also since
⋂k
i=1Hi is path connected it follows that there
exists a continuous map f2 : [0, 1]→
⋂k
i=1Hi such that f2 (0) = h and
f2 (1) = 0G. Let f = f2f1. Then f is a continuous self-map of G and
f
(
cl
(
k⋂
i=1
Hi
))
= f2f1
(
cl
(
k⋂
i=1
Hi
))
= f2 (1) = 0G.
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Moreover, f (G) = f2f1 (G) ⊆ f2 ([0, 1]) ⊆
⋂k
i=1 Hi. It is easy to see
that f ∈ N (G, k,H). Also, ⋂ki=1 Hi ⊆ ⋂ki=1Hi ⊆ cl (⋂ki=1Hi) and for
all n ∈ N (G, k,H), we have n
(⋂k
i=1Hi
)
⊆ ⋂ki=1Hi and fnf (G) =
fn
(⋂k
i=1 Hi
)
⊆ f
(⋂k
i=1Hi
)
= 0G, so that fnf = 0. Thus f = 0
follows from the fact that N (G, k,H) is 3-semiprime. Consequently,
h = f2 (0) = f2 (f1 (g)) = f (g) = 0 (g) = 0G. Since h ∈
⋂k
i=1Hi was
arbitrary, we get
⋂k
i=1Hi = {0G}.
Corollary 2.4.2 Let G be a topological group and let H =
∏k
i=1Hi be a
closed path connected subgroup of Gk such that 0 6= H 6= Gk and ⋂ki=1Hi
is path connected. If N (G, k,H) is 3-semiprime then
⋃k
i=1 Hi = G and⋂k
i=1Hi = 0.
Proof: First we note that since H =
∏k
i=1Hi we have Hi = Hi, whence⋃k
i=1Hi =
⋃k
i=1Hi and
⋂k
i=1Hi =
⋂k
i=1Hi. Since
∏k
i=1Hi is closed, we
get for each i, Hi is closed by Lemma 2.1.4 and consequently
⋂k
i=1Hi and⋃k
i=1Hi are closed in G. Furthermore, since H 6= Gk we have
⋂k
i=1Hi =
cl
(⋂k
i=1Hi
)
⊆ cl (Hj) = Hj 6= G for some j. Therefore, by Proposition
2.4.1,
⋃k
i=1Hi = G and
⋂k
i=1Hi = 0.
We note that the above result has a 0-symmetric analogue which we state
explicitly as we will need it presently.
Corollary 2.4.3 Let G be a topological group and let H =
∏k
i=1Hi be a
closed path connected subgroup of Gk such that 0 6= H 6= Gk and ⋂ki=1Hi
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is path connected. If N0 (G, k,H) is 3-semiprime then
⋃k
i=1 Hi = G and⋂k
i=1Hi = 0.
The following result has no analogue in the discrete case and as such non-
trivialy extends the results of the 0-dimensional case.
Proposition 2.4.4 Let G be topological group and H be a closed path con-
nected subgroup of Gk such that 0 6= H 6= Gk and ⋂ki=1Hi is path connected.
If H =
∏k
i=1 Hi, then the following are equivalent:
(a) N(G, k,H) is 3-prime.
(b) For each j, either Hj = G or Hj = 0.
(c) N(G, k,H) is equiprime.
Proof: (a) ⇒ (b):Assume that for some i, 0 6= Hi 6= G. Consider Λ ⊆
{1, 2, . . . , k} such that, for any j ∈ Λ we have 0 6= Hj 6= G. Then
∏
j∈ΛHj
is a closed subgroup of Gk
′
satisfying 0 6= ∏j∈ΛHj 6= Gk′ , where |Λ| = k′.
Since N (G, k,H) is 3-semiprime we obtain
⋂k
i=1 Hi = 0 by Corollary 2.4.2.
It then follows that N (G, k,H) = N0
(
G, k′,
∏
j∈ΛHj
)
is 3-semiprime, thus
we obtain
⋃
j∈ΛHj = G by Corollary 2.4.3 and so G is path connected,
being a union of path connected subgroups (with non-empty intersection).
Consequently, for some j0 ∈ Λ we have (as in the proof of Proposition 2.3.8)
Hj0 \
(⋃
j0 6=j∈ΛHj
)
= G \
(⋃
j0 6=j∈ΛHj
)
is a non-empty open subset of G
which is contained in Hj0 . Therefore, Hj0 is a proper open subgroup of G.
This is a contradiction since G is path connected. Hence, for each j, either
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Hj = G or Hj = 0.
(b) ⇒ (c): We observe that since 0 6= H 6= Gk, (b) implies Hi = 0 for at
least one i and Hj = G for at least one j, whence, N (G, k,H) = N0 (G) and
so G is a T0 path connected topological group for which N0 (G) is equiprime
by [7].
(c)⇒ (a): This is obvious.
The following example shows that in Proposition 2.4.4 the condition that
H be a path connected subgroup cannnot be omitted.
Example 2.4.5 N0(R, 1,Z) is equiprime, where Z denotes the integers. For
let a, x, y ∈ N0(R, 1,Z) be such that a 6= 0 and x 6= y. Then there exist
u, v ∈ R such a(u) 6= 0 and x(v) 6= y(v). It follows from the continuity of
x and y that there exists an interval J such that x(j) 6= y(j) for all j ∈ J .
By the continuity of x, we have x(J) is an interval, so we can choose v ∈ J
such that x(v) is not an integer. Let I = [s, t] be a closed bounded interval
such that x(v) is contained in the interior of I, y(v) /∈ I and I ∩ Z = ∅.
Let p be a polynomial with real coefficients such that p(s) = p(t) = 0 and
p(x(v)) = u. Let n be defined by
n (w) =
 p(w) if w ∈ I0 if w ∈ R \ I .
Then n is continuous by the Pasting Lemma (see Munkres [30]). Clearly
n(i) = 0 for all i ∈ Z and so n ∈ N0(R, 1,Z). Thus anx(v) = a(u) 6= 0 and
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any(v) = 0. Hence anx 6= any, so N0(R, 1,Z) is equiprime. Moreover, Z is
a closed (nonzero and proper) subgroup of R. So (a) and (c) of Proposition
2.4.4 hold, but (b) is not satisfied. Of course Z is not path connected.
In the hope of improving the results above from Proposition 2.4.1 through
Proposition 2.4.4, by relaxing the requirements on the subgroup H, we are
lead to the following question:
Question 2.4.6 If H is path connected does it follow that Hi,
⋂
Hi or
⋂
Hi
are path connected?
We note that several results presented in this chapter either generalize or
extend results previously obtained for discrete groups. We state here a result
from [36], which does not hold for non-discrete groups as will be shown
below.
Proposition 2.4.7 [36] Let A be a normal subgroup of a group G and let
H = {(x1, x2, . . . , xk) ∈ Gk|xi − xj ∈ A for all 1 ≤ i, j ≤ k}. Then H is a
subgroup of Gk and the following are equivalent:
(a) M0(G, k,H) is 3-prime.
(b) A = 0 or A = G (in which case M0(G, k,H) = M0(G)).
(c) M0(G, k,H) is equiprime.
We close this section with the following interesting result, an application
of which gives an example showing that Proposition 2.4.7 is not valid for
N0(G, k,H) when G is not discrete. First we recall that an abstract affine
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near-ring was defined by Gonshor in [11] as a near-ring in which the zero-
symmetric part is a ring.
Theorem 2.4.8 Let G be an abelian connected topological group and let
A be a dense totally disconnected subgroup of G. Then N (G, 2, H) is an
abstract affine near-ring, where H = {(x, y) ∈ G × G|x − y ∈ A}. More-
over, N0(G, 2, H) = End(G,A) (where End(G,A) denotes the continuous
endomorphisms of G under which A is invariant).
Proof: It is clear that for each a ∈ A, H = ⋃a∈A la, where la =
{(x, x + a)|x ∈ G}. For 0 ∈ A we have l0 = {(x, x)|x ∈ G} which is clearly
a connected subgroup of G2 since G is connected. It follows then that for
each a ∈ A, la is connected since it is the image of the connected l0 under
the (homeomorphism of G2) translation map by the element (0, a) ∈ G2.
Moreover, each la is a connected component of H since A is totally dis-
connected. Let a ∈ A and f ∈ N0(G, 2, H). Then for any x ∈ G, we have
(x, x + a) ∈ la ⊆ H. Thus, we must have f(x, x + a) ∈ lp for some p ∈ A.
Consequently, (f(x), f(x + a)) = (f(x), f(x) + p) and this holds for all
x ∈ G since by continuity of f the component la is mapped into lp. In par-
ticular, for x = 0, (f(0), f(a)) = (f(0), f(0) + p) which gives us f(a) = p.
Therefore, f(x + a) = f(x) + f(a), but since A is dense in G this implies
f(x + y) = f(x) + f(y) for all x, y ∈ G. Thus for each f ∈ N0(G, 2, H),
f is a continuous endomorphism of G and f(A) ≤ A. It is straightforward
to see that every continuous endomorphism of G under which A is invari-
ant belongs to N0(G, 2, H). Hence, N0(G, 2, H) = End(G,A) is a ring and
40 CHAPTER 2. PRIMENESS OF WIELANDT NEAR-RINGS
whence, N(G, 2, H) is an abstract affine near-ring.
As an application of Theorem 2.4.8 we obtain the following example:
Example 2.4.9 Consider the additive group R of real numbers in the usual
topology. Let H = {(x, y) ∈ R × R|x − y ∈ Q}. Then N(R, 2, H) is an
abstract affine near-ring. For each f ∈ N0(R, 2, H), f is a continuous en-
domorphism of R and it is well known that
End(R) = {fa:R→ R | fa(x) = ax for all x ∈ R} ∼= R,
where a ∈ R. It follows easily that N0(R, 2, H) ∼= Q. Thus N0(R, 2, H) is
a prime ring so that (a) and (c) of Proposition 2.4.7 hold, but (b) is not
satisfied.
Chapter 3
Near-rings of homogeneous
maps
In this section we investigate a special type of centralizer near-ring, namely
the near-ring of R-homogeneous maps on an R-module G. For any group
G and a semigroup A of endomorphisms of G, the centralizer near-ring
determined by A and G is:
MA(G) := {f : G→ G|f(ag) = af(g) for all a ∈ A, g ∈ G}.
In the special case that G is a right R-module for some ring R, the elements
of R act on G as endomorphisms. Thus, using R instead of A, we obtain
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the near-ring of R-homogeneous maps on G;
MR(G) := {f : G→ G|f(gr) = f(g)r for all r ∈ R, g ∈ G}.
We will treat the case where R is a topological ring and G is a topological
R-module. We recall the definition of a topological ring: a topological ring,
say R, is a ring with a topology τ defined on R such that, addition, mul-
tiplication and the taking of additive inverses are all continuous operations
with respect to τ . Also, a topological R-module M , is an R-module in which
M is a topological group, R is a topological ring and the action
(m, r) ∈M ×R 7→ mr ∈M
of R on M is continuous with respect to the product topology on M × R.
Then the near-ring of continuous homogeneous maps on G will be denoted
by NR(G) := {f ∈MR(G) | f is continuous}.
3.1 Unital modules
For a ring R with unity, if we take G = R, then NR(G) = MR(G) ∼= R.
However,NR(G) is in general a subnear-ring ofMR(G), which may be proper
as shown in the following example.
Example 3.1.1 Let G = R2 with the usual topology on R . Here the action
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of r ∈ R on (a, b) ∈ R2 is defined by (a, b)r = (ar, br) .
Then NR(G) 6= MR(G).
Proof: Let f : G→ G be defined by
f(a, b) =
{
(−a, 0) if b 6= 0
(a, 0) otherwise
.
It is clear that f ∈ MR (R2). Consider the sequence xn = 1n , n ∈ N. Then,
lim
n→∞
f(1, xn) = lim
n→∞
(−1, 0) = (−1, 0) 6= (1, 0) = f(1, 0) = f
(
lim
n→∞
(1, xn)
)
Therefore, the function f is not continuous at (1, 0), hence the result.
The near-ring MR(R
2) has been well studied (see [22]), where the action of
r ∈ R on (a, b) ∈ R2 is defined by (a, b)r = (ar, br). For the R-module R2
with this action; Veldsman [36] showed that R is a prime ring if and only
if MR(R
2) is equiprime if and only if MR(R
2) is 3-prime. We extend this
result to topological rings. First we give the following lemma whose proof
is straightforward.
Lemma 3.1.2 Let R be a topological ring. Then the mapping
(
a b
c d
)
:
R2 → R2 defined by matrix multiplication:(
a b
c d
)[
x
y
]
=
[
ax+ by
cx+ dy
]
is continuous.
Proof: The map
(
a b
c d
)
is a sum of the maps
(
a 0
c 0
)
and
(
0 b
0 d
)
.
Each of these maps in turn can be expressed as a sum of a composite
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of maps which are well known to be continuous, for instance
(
a 0
c 0
)
=
ι1fapi1 + ι2fcpi1 where fa(x) = ax is the left multiplication map on R and
ι1, ι2, pi1 are the injections and the natural projection.
It was pointed out in [22] that the near-ring MR(R
2) contains the matrix op-
erators M2(R). It follows from Lemma 3.1.2 that, in fact, M2(R) ⊆ NR(R2).
The next result was proved in [36] for discrete rings using the matrix mul-
tiplication maps. In view of Lemma 3.1.2, the proof holds even for NR(R
2)
in the case that R is a non-discrete topological ring, so we state it without
proof.
Proposition 3.1.3 Let R be a topological ring with unity. Then the follow-
ing are equivalent:
(a) R is a prime ring.
(b) NR(R
2) is an equiprime near-ring.
(c) NR(R
2) is a 3-prime near-ring.
Remark 3.1.4 We note that R being prime does not depend on the topol-
ogy of the ring R, however, the topology of R determines the structure of
the near-ring NR(R
2). Hence it is interesting to see that the primeness of
NR(R
2) determines and is determined by that of R.
The following result from [23] was proved for discrete rings, but the proof
holds for topological rings. Thus we state it for topological rings.
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Proposition 3.1.5 Let R be a topological ring with unity such that R =
R1⊕· · ·⊕Rn is a direct sum of ideals R1, . . . , Rn. Then NR(R2) ∼= NR1(R21)⊕
· · · ⊕NRn(R2n).
In [22] it was shown that if R is a principal ideal domain which is not a
field, then the near-ring MR(R
2) is J2 radical (whence J3 radical). Thus,
this shows a big difference in the relationship between R and MR(R
2) as
far as regards primitivity. For instance taking R = Z, we then have R is
Jacobson semisimple while MR(R
2) is J2 radical. The J2 and J3 radicals
are studied in [31] and [18] respectively. With the help of Proposition 3.1.5
above, we show that with regard to primeness the relationship between R
and NR(R
2) runs very deep.
Proposition 3.1.6 Let R be a topological ring with unity. Then the follow-
ing are equivalent:
(a) R is a semiprime ring.
(b) NR(R
2) is semi-equiprime.
(c) NR(R
2) is 3-semiprime.
Proof: (a) ⇒ (b): Let a, b ∈ NR(R2) such that (a− b)na = (a− b)nb for
all n ∈ NR(R2). For any s, t ∈ R we let a
[
s
t
]
=
[
s′
t′
]
and b
[
s
t
]
=
[
s′′
t′′
]
. Then
for all r ∈ R,
(
sr 0
tr 0
)
,
(
0 sr
0 tr
)
∈ NR(R2). Therefore,
(a− b)
(
sr 0
tr 0
)
a
[
s
t
]
= (a− b)
(
sr 0
tr 0
)
b
[
s
t
]
. (3.1)
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Thus (a−b)
[
s
t
]
rs′ = (a−b)
[
s
t
]
rs′′. That is, a
[
s
t
]
rs′−b
[
s
t
]
rs′ = a
[
s
t
]
rs′′−
b
[
s
t
]
rs′′ and so
[
s′
t′
]
rs′−
[
s′′
t′′
]
rs′ =
[
s′
t′
]
rs′′−
[
s′′
t′′
]
rs′′. Consequently, we have(
s′rs′ − s′′rs′
t′rs′ − t′′rs′
)
=
(
s′rs′′ − s′′rs′′
t′rs′′ − t′′rs′′
)
. Hence, s′rs′ − s′′rs′ = s′rs′′ − s′′rs′′
which gives (s′ − s′′)r(s′ − s′′) = 0. Since R is semiprime, we get s′ = s′′.
If we now compute equation (3.1) with
(
0 sr
0 tr
)
instead of
(
sr 0
tr 0
)
, we
obtain t′ = t′′. Thus a = b follows and we have the desired conclusion.
(b) ⇒ (c): Since NR(R2) is 0-symmetric, we obtain the definition of 3-
semiprime by taking b = 0 in the definition of semi-equiprime.
(c) ⇒ (a): Let a ∈ R be such that ara = 0 for all r ∈ R. Then
(
a 0
0 0
)
∈
NR(R
2). Let n ∈ NR(R2) and also let s, t ∈ R.
Now suppose n
[
1
0
]
=
[
c
d
]
. Then we have(
a 0
0 0
)
n
(
a 0
0 0
)[
s
t
]
=
(
a 0
0 0
)
n
[
as
0
]
=
(
a 0
0 0
)
n
[
1
0
]
as
=
(
a 0
0 0
)[
cas
das
]
=
[
acas
0
]
=
[
0
0
]
∵ ara = 0 ∀ r ∈ R⇒ (aca)s = 0s = 0.
Since NR(R
2) is 3-semiprime, we obtain a = 0 and our proof is complete.
In contrast with the case of rings, where a semiprime ideal is always the
intersection of prime ideals, for near-rngs it was shown in [10] that a 3-
semiprime ideal need not be an intersection of 3-prime ideals. Therefore, a
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3-semiprime near-ring N need not be 3-prime semisimple (that is P3(N) = 0
need not hold). Thus our next result is not a repeat of the previous one.
Proposition 3.1.7 Let R be a left Artinian topological ring with unity.
Then the following are equivalent:
(a) R is a semiprime ring (equivalently β(R) = 0).
(b) Pe(NR(R2)) = 0.
(c) P3(NR(R2)) = 0.
(d) NR(R
2) is 3-semiprime.
Proof: (a) ⇒ (b): Since R is semiprime left artinian, we obtain by the
Wedderburn-Artin theorem that R is a finite direct sum of prime rings,
say R = R1 ⊕ · · · ⊕Rn. Then by Proposition 3.1.5 we have that NR(R2) ∼=
NR1(R
2
1)⊕· · ·⊕NRn(R2n). Each NRi(R2i ) is an equiprime near-ring by Propo-
sition 3.1.3. Consequently, NR(R
2) is a finite direct sum of equiprime near-
rings, whence Pe(NR(R2)) = 0.
(b) ⇒ (c) is obvious.
(c) ⇒ (d): Follows from the fact that any intersection of 3-prime ideals is a
3-semiprime ideal.
(d) ⇒ (a): Follows from the (c) ⇒ (a) proof of Proposition 3.1.6.
Groenewald [14] generalised the notion of a strongly prime ring to near-
rings; calling N a strongly prime near-ring if for each nonzero a ∈ N there
exists a finite subset F of N (depending on a), such that for any x ∈ N ,
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afx = 0 for all f ∈ F implies x = 0. In [9], N is called strongly equiprime
if for every 0 6= a ∈ N there exists a finite subset F of N (depending on a),
such that if afx = afy for all f ∈ F , then x = y (x, y ∈ N). In both cases,
the finite subset F is called an insulator for the nonzero element a ∈ N .
Strongly prime and strongly equiprime ideals are defined in a way similar to
Definition 1.1.11.
Proposition 3.1.8 Let R be a topological ring with unity. Then the follow-
ing are equivalent:
(a) R is a (left) strongly prime ring.
(b) NR(R
2) is a strongly equiprime near-ring.
(c) NR(R
2) is a strongly prime near-ring.
Proof: (a) ⇒ (b): Let a, x, y ∈ NR(R2) with a 6= 0. Then a
[
u
v
]
=[
u′
v′
]
6=
[
0
0
]
for some u, v ∈ R. For any s, t ∈ R we let x
[
s
t
]
=
[
s′
t′
]
and y
[
s
t
]
=
[
s′′
t′′
]
. Since
[
u′
v′
]
6=
[
0
0
]
, we obtain u′ 6= 0 or v′ 6= 0. If
u′ 6= 0 then the fact that R is strongly prime implies there exists a finite
subset Fu′ of R such that u
′Fu′r 6= 0 for all 0 6= r ∈ R. Similarly if v′ 6= 0
there exists a finite subset Fv′ of R such that v
′Fv′r 6= 0 for all 0 6= r ∈ R.
If u′ = 0, we set Fu′ = ∅ and if v′ = 0, we set Fv′ = ∅. We thus define
F = Fu′ ∪Fv′ . Then F is nonempty since at least one of u′ or v′ is nonzero.
For any 0 6= p ∈ {u′, v′},
pFr = 0 implies r = 0. (3.2)
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Also for any f ∈ F ,
(
uf 0
vf 0
)
,
(
0 uf
0 vf
)
∈ NR(R2). Therefore, we have;
a
(
uf 0
vf 0
)
x
[
s
t
]
= a
(
uf 0
vf 0
)
y
[
s
t
]
⇒ a
(
uf 0
vf 0
)[
s′
t′
]
= a
(
uf 0
vf 0
)[
s′′
t′′
]
⇒ a
[
ufs′
vfs′
]
= a
[
ufs′′
vfs′′
]
⇒ a
[
u
v
]
fs′ = a
[
u
v
]
fs′′
⇒
[
u′
v′
]
fs′ =
[
u′
v′
]
fs′′ ⇒
[
u′fs′
v′fs′
]
=
[
u′fs′′
v′fs′′
]
⇒ u′fs′ = u′fs′′ and v′fs′ = v′fs′′ for all f ∈ F
⇒ s′ = s′′ by equation (3.2) above.
Similarly, we repeat the computations above with
(
0 uf
0 vf
)
and obtain t′ =
t′′. Thus
{(
uf 0
vf 0
)
| f ∈ F
} ⋃ {( 0 uf
0 vf
)
| f ∈ F
}
is an insulator for
a. Hence NR(R
2) is strongly equiprime.
(b) ⇒ (c) is obvious (see [6]).
(c) ⇒ (a): Let a, x ∈ R with a 6= 0. Then
(
a 0
0 0
)
is a nonzero element
of NR(R
2). Since NR(R
2) is strongly prime there exists a finite subset F of
NR(R
2) such that for any b ∈ R,
(
a 0
0 0
)
f
(
b 0
0 0
)
= 0 for all f ∈ F
implies b = 0. Then for each f ∈ F and for any s, t ∈ R we have the
following: f
[
1
0
]
=
[
c
d
]
for some c, d ∈ R and;(
a 0
0 0
)
f
(
x 0
0 0
)[
s
t
]
=
(
a 0
0 0
)
f
[
xs
0
]
=
(
a 0
0 0
)
f
[
1
0
]
xs
=
(
a 0
0 0
)[
c
d
]
xs
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(
a 0
0 0
)
f
(
x 0
0 0
)[
s
t
]
=
(
a 0
0 0
)[
cxs
dxs
]
=
[
acxs
0
]
.
Therefore, we have
(
a 0
0 0
)
f
(
x 0
0 0
)[
s
t
]
= 0 for all f ∈ F ⇒ x = 0, if
and only if acxs = 0 for all c ∈ H =
{
pi1f
[
1
0
]
| f ∈ F
}
and s ∈ R implies
x = 0; In particular for s = 1 we get acx = 0 for all c ∈ H implies x = 0.
Hence H is an insulator for a.
A completely prime ring is one in which the product of any two nonzero
elements is nonzero. So a completely prime ring is prime but not conversely.
However, the two notions coincide if the ring is commutative. Now we con-
sider the case where R is a completely prime ring and extend Proposition
3.1.3 to an infinite product of copies of R. First a lemma:
Lemma 3.1.9 Let R be a topological ring and let Rω =
∏
i∈J Ri have the
product topology for any cardinal ω, where the cardinality of J is ω and
Ri = R for all i ∈ J . If v ∈ Rω and ψ : R → Rω is defined by ψ(x) = vx,
then ψ is continuous.
Proof: We have piiψ(x) = pii(vx) = pii(v)x, so ψ(x) = (fα(x))α∈J where the
cardinality of J is ω and fα(x) = piα(v)x. From [30, Munkres, Theorem 8.5,
pg 115], ψ is continuous if and only if each fα is continuous. But each fα is
a left multiplication map on the topological ring R and hence is continuous.
Therefore, ψ is continuous.
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Proposition 3.1.10 Let R be a completely prime topological ring and ω a
cardinal. Then NR(R
ω) is equiprime.
Proof: Let a, x, y ∈ NR(Rω) such that x 6= y and a 6= 0. Then x(v) 6= y(v)
for some v ∈ Rω. Thus piix(v) 6= piiy(v) for some i. Since a 6= 0, we have
a(u) 6= 0 for some u ∈ Rω. Let ψ : R→ Rω be defined by ψ(x) = ux. Set
n = ψ ◦ pii. Then n ∈ NR(Rω) and
anx(v) = aψ(pii(x(v)) = a(u(pii(x(v))) = a(u)(pii(x(v))),
whilst
any(v) = aψ(pii(y(v)) = a(u(pii(y(v))) = a(u)(pii(y(v))).
Since a(u) 6= 0 and R is completely prime, we conclude that
a(u)(pii(x(v))) 6= a(u)(pii(y(v))). Hence anx(v) 6= any(v) and NR(Rω) is
equiprime.
3.2 Modules that are not necessarily unital
As we mentioned earlier, the near-ring MR(R
2) has been studied widely,
where the action of r ∈ R on (a, b) ∈ R2 is defined by (a, b)∗r = (a, b)(r, r) =
(ar, br). Researchers have investigated various properties of the near-ring
MR(R
2) determined by the unital ring R2 and its unital subring R ∼=
Diag(R2). We continue this study of the relationship between the near-
ring MR(G) determined by a ring G and its subring, R. We consider the
more general scenario where G is a topological ring and R is a subring of G.
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The next result shows that NR(G) can be very different from MR(G). First
we recall that a topological space X is first countable if for each x ∈ X
there exists a countable class B(x) = {Bn | n ∈ N, Bn is open and x ∈ Bn}
such that, if U is any open set with x ∈ U , then there exists Bn ∈ B(x)
such that Bn ⊆ U .
Proposition 3.2.1 Let R be a dense subring with unity 1 of a first count-
able topological ring G. Then NR(G) ∼= G.
Proof: Let f ∈ NR(G) and let g ∈ G. Then f(r) = f(1)r for all r ∈ R.
Since R is dense in G, R is T0 (and hence T1 ) and first countable, so there is
a sequence (xn) of points of R which converges to g. Then f(xn) = f(1)xn
for all n ∈ N. By continuity of f we have lim
n→∞
f(xn) = f(g) and also
lim
n→∞
f(1)xn = f(1)g. Since f(xn) = f(1)xn we obtain f(g) = f(1)g. Hence,
NR(G) consists of all left multiplication maps of G by elements of G, whence
is isomorphic to G.
For instance, if we take the ring R of real numbers with the usual Euclidean
topology, then the rationals Q form a dense subring of R and by Proposition
3.2.1 NQ(R) ∼= R. Thus NQ(R) is a ring while (one shows easily that) MQ(R)
is not a ring.
In this section we will investigate NR(G) in the case where the subring R is
an ideal (or left ideal) of the ring G. This approach differs from the works
quoted earlier, since in those papers, G is a unital R-module, while in our
case, G is not necessarily a unital right R-module, even when G is a ring
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with unity. If G is a zero-multiplication ring (i.e GG = 0), then for any
ideal R of G, MR(G) = M0(G) and NR(G) = N0(G). Therefore, we will
always assume that our ring G satisfies GG 6= 0. We observe that, R may
be viewed as a left G-module, from this point of view it follows readily that
the left annihilator of R in G,
AnnGR = (0 : R)G = {x ∈ G| xR = 0}
is an ideal of G. In general, f(GR) ⊆ R for all f ∈ NR(G) where R is a
left ideal in a ring G, not necessarily with a one-sided unity. If G has a left
unity, we have:
Lemma 3.2.2 Let R be a left ideal in a ring G, where G has a left unity.
Then f(R) ⊆ R and f(A) ⊆ A for all f ∈ NR(G), where A = (0 : R)G.
Proof: Let f ∈ NR(G), r ∈ R and let e be a left unity of G. Then
f(gr) = f(g)r for all g ∈ G, whence in particular for g = e, we have
f(r) = f(e)r ∈ R since GR ⊆ R. On the other hand, if a ∈ A then
f(a)r = f(ar) = f(0) = 0, which implies f(a) ∈ A.
In other words, using the terminology of near-ring modules, Lemma 3.2.2
says that if R is a left ideal in a ring with a left unity G, then both R and
A are NR(G)-subgroups of G. In fact we can prove a little bit more:
Lemma 3.2.3 Let R be a left ideal of a ring G and A = (0 : R)G. Then A
is an NR(G)-ideal of G.
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Proof: Let f ∈ NR(G), g ∈ G and a ∈ A. Then (f(g + a) − f(g))r =
f(gr + ar) − f(gr) = f(gr + 0) − f(gr) = f(gr) − f(gr) = 0, this implies
f(g + a)− f(g) ∈ A, whence A is an NR(G)-ideal of G.
Using the results above and well known basic results of near-ring module
(N -group) theory, we thus obtain:
Proposition 3.2.4 Let R be a left ideal of a ring G with a left unity and
let A = (0 : R)G. Then the following are ideals of NR(G):
(a) (0 : A)NR(G) = {f ∈ NR(G) | f(A) = 0}.
(b) (A : G)NR(G) = {f ∈ NR(G) | f(G) ⊆ A}.
Proof: (a) follows from Lemma 3.2.2 and (b) follows from Lemma 3.2.3.
We note that R ∩ A is a left ideal of G and it can easily be shown that
R ∩ A C R. Suppose f ∈ MR(G) is such that f(R) = 0. Then f(G)R =
f(GR) ⊆ f(R) = {0}, which implies f(G) ⊆ A. Thus f ∈ (A : G)MR(G).
Conversely, if G has a left unity 1 and f ∈ MR(G) is such that f(G) ⊆ A,
then f(1) ∈ A, whence f(r) = f(1)r = 0. This proves most of:
Proposition 3.2.5 Let R be a left ideal of a ring G with a left unity and
A = (0 : R)G. Then
(a) (0 : R)NR(G) = (A : G)NR(G).
(b) (R : G)NR(G) ⊆ (R ∩ A : A)NR(G).
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Proof: The first part follows from the discussion preceeding the proposi-
tion. For the second part we have for any f ∈ NR(G) such that f(G) ⊆ R,
f(A) ⊆ f(G) ⊆ R. But by Lemma 3.2.2 f(A) ⊆ A, thus, f(A) ⊆ R ∩ A.
So, f ∈ (R ∩ A : A)NR(G).
From Proposition 3.2.5 above, if A = 0 then (0 : R)MR(G) = (A : G)MR(G) =
0 and so R is a faithful MR(G)-group. On the other hand, if R∩A = 0 then
(R : G)MR(G) ⊆ (0 : A)MR(G). If H is an MR(G)-subgroup of R, then H is
a left ideal of G which is contained in R. If R is a minimal left ideal of G
then R is a faithful simple MR(G)-group. If R ⊆ A then R ∩ A = R and
(R : G)MR(G) ⊆ (R : A)MR(G).
We have no example of a ring G with unity having a left ideal R such that
(0 : R)G = 0 and MR(G) is not a ring, prompting the question:
Question 3.2.6 Let R be a left ideal of a ring G with unity such that
(0 : R)G = 0. Does it follow that MR(G) is a ring?
It was shown in [22, Theorem 2.4] that if R is a ring with unity having a
proper completely prime ideal P such that A = AnnRP = (0 : P )R 6= 0,
then MR(R
2) is not a ring (we emphasize that in this case the action of
the subring R on R2 is unital via (a, b) ∗ r = (a, b)(r, r) = (ar, br)). For a
finite ring R, the question of when the near-ring of homogeneous maps on a
unital R-module G is a ring has been treated in [24]. Our next result answers
Question 3.2.6 in the affirmative and shows that even in the non-unital case
annihilator ideals play a role in deciding whether or not NR(R
2) is a ring.
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Theorem 3.2.7 Let R be a left ideal of a topological ring G such that (0 :
R)G = 0. If either R or G has a left unity e, then NR(G) ∼= G. Hence
NR(G) is a ring.
Proof: Let f ∈ NR(G), g ∈ G and r ∈ R. Then we have the following:
(f(e)g − f(g))r = f(e)gr − f(g)r = f(egr) − f(gr) = f(gr) − f(gr) = 0.
Hence f(e)g − f(g) ∈ (0 : R)G = 0. It follows that f(g) = f(e)g for all
g ∈ G, and so f is a left multiplication operator. Conversely, it is easily seen
that every left multiplication operator on G is in NR(G). For each g ∈ G,
let ϕg(x) = gx for all x ∈ G. From the foregoing, NR(G) = {ϕg | g ∈ G}.
Define Ψ : G→ NR(G) by Ψ(g) = ϕg for all g ∈ G. Clearly, Ψ is a surjective
near-ring homomorphism. Let g ∈ KerΨ. Then ϕg = 0, so gx = 0 for all
x ∈ G. Hence, g ∈ (0 : G)G ⊆ (0 : R)G = 0 and so KerΨ = {0}. It follows
that Ψ is an isomorphism and the proof is complete.
Remark 3.2.8 It is clear from the above proof that NR(G) coincides with
NG(G) in this case.
Naturally, one wonders whether the converse of Theorem 3.2.7 holds. We
don’t have an answer in general, but if we impose a mild condition and the
left ideal R is an open subset of the topological ring G, then the converse
holds and we have a characterization of when NR(G) is a ring. Note that R
being an open subgroup implies that R is closed.
Theorem 3.2.9 Let R be an open left ideal of a topological ring G with a
left unity e, such that 2e /∈ R. If NR(G) is a ring, then (0 : R)G = 0.
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Proof: We assume that (0 : R)G 6= 0 and let 0 6= a ∈ (0 : R)G. Define two
mappings f, h : G→ G by
f (g) =
 a+ g if g ∈ G \Rg if g ∈ R and h(g) =
 −a if g ∈ G \R0 if g ∈ R .
It is straightforward to show that i, f, h ∈ NR(G), where i is the identity
map on G. The continuity of f and h follows from the fact that R is a clopen
subset of G. We consider several cases:
Case 1: e+ a ∈ R
It follows from 2e /∈ R, that a /∈ R and −a + e /∈ R. Thus we have f(h +
i)(e) = f(h(e) + i(e)) = f(−a + e) = a + (−a + e) = e and (fh + fi)(e) =
f(h(e)) + f(i(e)) = f(−a) + f(e) = a − a + a + e = a + e. Therefore,
f(h+ i)(e) 6= (fh+ fi)(e).
Case 2(i): e+ a /∈ R and a /∈ R
In this case we have f(h+i)(e+a) = f(h(e+a)+i(e+a)) = f(−a+e+a) =
f(e) = a+e and (fh+fi)(e+a) = fh(e+a)+f(e+a) = f(−a)+a+e+a =
a−a+a+e+a = a+e+a. Hence, we obtain f(h+i)(e+a) 6= (fh+fi)(e+a).
Case 2(ii): e+ a /∈ R and a ∈ R
In this case, it follows that a+e+e /∈ R. Thus, h(f+i)(e) = h(f(e)+i(e)) =
h(a+e+e) = −a and (hf +hi)(e) = hf(e))+h(e) = h(a+e)−a = −a−a.
From this we see that h(f + i)(e) 6= (hf + hi)(e).
Hence in all cases we have exhibited an element (f in the first two cases,
h in the last case) of NR(G) which is not distributive, this contradicts the
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fact that NR(G) is a ring. Therefore, we must have (0 : R)G = {0}.
An immediate corollary of Theorems 3.2.7 and 3.2.9 follows.
Corollary 3.2.10 Let R be an open left ideal of a topological ring G with
a left unity e, such that 2e /∈ R. Then NR(G) is a ring if and only if
(0 : R)G = {0}.
Another result which also shows the role annihilator ideals play in deciding
whether or not MR(R
2) is a ring is the following. This next result would
follow as an application of Theorem 3.2.9 if we impose the condition that
the unity of R, say e, satisfies 2e 6= 0. However, we prove the more general:
Theorem 3.2.11 Let R be a ring with unity, 1. Then considering R as the
ideal R × {0} of the ring G = R × R, we have; (0 : R)G = {0} × R. The
near-ring MR(G) is not a ring.
Proof: Define two mappings α, β : G → G by α (g1, g2) = (0, g2) for all
(g1, g2) ∈ G and
β(g1, g2) =
 (0, 0) if g1 = 0(g1, g2) if g1 6= 0 .
Then α, β ∈MR(G). Now β(α+β)(1, 1) = β((0, 1)+(1, 1)) = β(1, 2) = (1, 2)
whilst βα(1, 1) + ββ(1, 1) = β(0, 1) + β(1, 1) = (0, 0) + (1, 1) = (1, 1). This
shows that β is not a distributive element of MR(G). Hence, MR(G) is not
a ring.
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As a direct consequence of Theorem 3.2.11; For every 2 ≤ n ∈ N, MZn(Z2n)
is not a ring, where the action of Zn on Z2n is non-unital via (a, b) ∗ r =
(a, b)(r, 0) = (ar, 0) (that is Zn acting as the ideal Zn × {0} of Z2n).
In the situation of Theorem 3.2.11 above MR(G) is not 3-prime and hence
not equiprime. To see this, consider the maps α, β as defined in the proof of
Theorem 3.2.11, it is easy to see that βnα = 0 for all n ∈MR(R2). However,
if G is a prime ring, we have the following:
Theorem 3.2.12 Let R be a prime topological ring and {0} 6= ACR. Then
NA(R) is equiprime.
Proof: Let a, x, y ∈ NA(R), a 6= 0 and x 6= y. Then there exist u, v ∈ R
such that a(u) 6= 0 x(v) 6= y(v). Thus x(v) − y(v) 6= 0. Since R is prime
and A 6= {0}, there exists b ∈ A such that b(x(v) − y(v)) 6= 0. Again since
R is prime, there exists r ∈ R such that a(u)rb(x(v) − y(v)) 6= 0. That
is, a(u)rbx(v) 6= a(u)rby(v). We define n : R → R by n(t) = urbt for all
t ∈ R. Then n ∈ NA(R). Now anx(v) = a(urbx(v)) = a(u)rbx(v) since a
is A homogeneous and rbx(v) ∈ A. Similarly, any(v) = a(u)rby(v). Hence,
anx(v) 6= any(v), so anx 6= any. Thus NA(R) is equiprime.
If R is not a prime ring then Theorem 3.2.12 does not hold, as exemplified by
taking the discrete R = Z4 and A = {0, 2}. The map defined by f(3) = 2 =
f(1) and f(2) = 0 = f(0) is in NA(R); since n(A) ⊆ A for all n ∈ NA(R),
we get fnf = 0 for all n ∈ NA(R), so NA(R) is not 3-semiprime. In the
presence of a unity element, the converse of Theorem 3.2.12 holds for we
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have:
Theorem 3.2.13 Let R be a topological ring with unity and {0} 6= ACR.
Then the following are equivalent:
(a) R is a prime ring.
(b) NA(R) is an equiprime near-ring.
(c) NA(R) is a 3-prime near-ring.
Proof: First we observe that if NA(R) is 3-prime and 0 6= f ∈ NA(R),
then f(A) 6= {0R}. Otherwise we have f(AR) = f(A) = {0R}. Now for any
0R 6= a ∈ A we define ha : R→ R by ha(r) = ar for all r ∈ R. We then have
fnha(r) = fn(ar) ∈ f(A) = {0R} which follows from n(AR) = n(A) ⊆ A
for all n ∈ NA(R). This contradicts the 3-primeness of NA(R).
(a) implies (b): This follows from Theorem 3.2.12.
(b) implies (c): This is routine.
(c) implies (a): Let x, y ∈ R\{0}. Then the left multiplication maps hx, hy ∈
NA(R) \ {0} and so there exists f ∈ NA(R) such that hxfhy 6= 0. Thus,
hxfhy(A) = x(f(yA)) 6= {0R}. That is, x(f(1))yA = x(f(1)yA) 6= {0R},
by yA ⊆ A and A-homogeneity of f . It follows that 0R 6= x(f(1))y ⊆ xRy.
Hence, R is prime.
Chapter 4
Gamma near-rings
4.1 Preliminaries
The following definition of a gamma near-ring is due to Satyanarayana
[34].
Definition 4.1.1 A gamma near-ring is a triple (M,+,Γ) where:
(a) (M,+) is a (not necessarily abelian) group;
(b) Γ is a nonempty set of binary operators on M such that for each γ ∈ Γ,
(M,+, γ) is a near-ring;
(c) xγ(yµz) = (xγy)µz for all x, y, z ∈M and γ, µ ∈ Γ
If in addition it holds that xγ0 = 0 for all x ∈ M and γ ∈ Γ, then the
gamma near-ring M is said to be zero-symmetric.
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A subset A of M is called a left (right) ideal of M if
 (A,+) is a normal subgroup of (M,+);
 For all a ∈ A, m,n ∈M and γ ∈ Γ we have
mγ(a+ n)−mγn ∈ A (aγm ∈ A).
A is called an ideal of M if A is both a left and a right ideal of M . If a
subgroup A of M satisfies MΓA ⊆ A, then A is a left invariant subgroup of
M .
The left operator near-ring of a gamma near-ring was defined and studied
by Booth in [2]. For a gamma near-ring M , let Map(M) be the near-ring
of all mappings of M into itself with respect to pointwise addition and
composition. Let x ∈ M , γ ∈ Γ and define the mapping [x, γ] : M → M
by [x, γ]m = xγm for all m ∈M . The subnear-ring L of Map(M) which is
generated by the set {[x, γ] | x ∈M,γ ∈ Γ} is called the left operator near-
ring of M . This is a generalization of the concept for Γ-rings as studied
in [21]. L does not in general consist exclusively of elements of the form∑
[xi, γi], xi ∈M , γi ∈ Γ as is the case for Γ-rings.
As in [2], for any subset A of M we define
A+
′
= {l ∈ L | lM ⊆ A} = (A : M)L.
Furthermore, if C is a subset of L then
C+ = {x ∈M | [x, γ] ∈ C ∀ γ ∈ Γ}.
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Let X be a topological space and G a topological group. Then the set
N(X,G) of all continuous mappings from X into G is a group with respect
to pointwise addition. If M is a subgroup of N(X,G), and Γ is a subset of
N(G,X), such thatMΓM ⊆M , thenM is a gamma near-ring. Such gamma
near-rings are called gamma near-rings of continuous maps. These gamma
near-rings of continuous maps are a generalization of sandwich near-rings
of continuous maps in the sense that a sandwich near-ring of continuous
maps is a gamma near-ring of continuous maps in which Γ is a singleton.
So if Γ = {θ}, then M = N(X,G, θ) := {f : X → G | f is continuous}
is a sandwich near-ring as studied in [17]. If M is a gamma near-ring of
continuous maps, let [MΓ] denote the subnear-ring of N(G,G) = N(G)
generated by the set MΓ = {xγ | x ∈M,γ ∈ Γ}.
Theorem 4.1.2 [5] Let M be a gamma near-ring of continuous maps, S =
[MΓ] and let L be the left operator near-ring of M . Then L is isomorphic
to S/K, where S = [MΓ] and K = {f ∈ S | fa = 0 for all a ∈M}.
We wish to understand the structure of the ideal K of [MΓ]. Since it is
clear that M is an S-group and K = (0 : M)S is an annihilator ideal, one
suspects that K may turn out to be square-zero. Although we cannnot prove
in general that K is a zero-multiplication near-ring, we give a condition
which guarantees that K is a square-zero ideal. In what follows, we use the
following notation for a near-ring N and X, Y ⊆ N : we have 〈X〉mul is the
multiplicative semigroup of N generated by X and 〈X〉ad is the additive
subgroup of N generated by X. Moreover, 〈X, Y 〉ad is used to denote the
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additive subgroup of N generated by X∪Y . The following result which was
proved in [33, Lemma 31] will be used in proving the subsequent lemma.
Lemma 4.1.3 Let N be a near-ring, X a subset of N and Y = 〈X〉mul.
We put X1 = 〈Y 〉ad and for each integer n ≥ 1, Xn+1 = 〈Xn, Y Xn〉ad. If S
is the subnear-ring of N generated by X, then S =
⋃∞
n=1 Xn.
We will subsequently use the following notation:
Γ(G) = {γ(g) | γ ∈ Γ, g ∈ G} and M(X) = {m(x) | m ∈M,x ∈ X}.
Proposition 4.1.4 Let M be a gamma near-ring of continuous maps and
let S = [MΓ]. If M(X) is a subgroup of G then K = (0 : M)S ⊆ (0 : S)S is
a square-zero ideal of S, where K is as in Theorem 4.1.2.
Proof: Let f ∈ K. Then fM = {0}. Thus fM(X) = {0G} and fMΓ(G) ⊆
fM(X) = {0G} which shows that fmγ is the zero map on G, for all m ∈M
and all γ ∈ Γ. Since MΓ is a semigroup under composition of maps, put
S1 = 〈MΓ〉ad and Sn+1 = 〈Sn,MΓSn〉ad for each integer n ≥ 1. Then
S =
⋃∞
n=1 Sn by Lemma 4.1.3. We will show that Sn(G) ⊆ M(X) for all
n ∈ N. Now for any s ∈ S, if s ∈ S1 then s = m1γ1 + · · ·+mkγk. Thus,
s(G) = (m1γ1 + · · ·+mkγk)(G) = {m1γ1(g) + · · ·+mkγk(g) | g ∈ G}
⊆ {m1(x1) + · · ·+mk(xk) | xi ∈ X}
⊆ M(X) since M(X) is a group.
We now assume by the inductive step that for some n ≥ 1 we have Sn(G) ⊆
M(X). If s ∈ Sn+1 then s = t1 + m1α1u1 + · · · + tk + mkαkuk for some
elements t1, u1, . . . , tk, uk of Sn and m1α1, . . . ,mkαk of MΓ. We then have,
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s(G) = (t1 +m1α1u1 + · · ·+ tk +mkαkuk)(G)
= {t1(g) +m1α1u1(g) + · · ·+ tk(g) +mkαkuk(g) | g ∈ G}
⊆ {t1(g) +m1α1(g1) + · · ·+ tk(g) +mkαk(gk) | g, gi ∈ G}
Hence,
s(G) ⊆ Sn(G) + · · ·+ Sn(G) Since MΓ ⊆ Sk for all k ≥ 1
⊆ M(X), since M(X) is a group and by using the inductive step.
Therefore, Sn(G) ⊆ M(X) for all n ≥ 1. Consequently, S(G) ⊆ M(X).
Thus for f ∈ K we have fS(G) ⊆ fM(X) = {0}. Hence f ∈ (0 : S)S and
since the left annihilator of a near-ring is always a square-zero ideal of the
near-ring, our result is proved.
The next result strengthens Proposition 4.1.4.
Proposition 4.1.5 Let M be a gamma near-ring of continuous maps and
let S = [MΓ], K = (0 : M)S. If M(X) is a subgroup of G and Γ(G) is
dense in X, then K = (0 : S)S.
Proof: Let f ∈ (0 : S)S. Then f(MΓ) = {0}, that is, fmΓ(G) = {0G}
for all m ∈M . Thus, by the continuity of fm, fm(cl(Γ(G))) = {0G}. Since
cl(Γ(G)) = X, we obtain fm(X) = {0G} for all m ∈ M . Hence fM = {0}
and f ∈ K follows. This shows that (0 : S)S ⊆ K. The other containment
holds by Proposition 4.1.4.
Another result which shows when the ideal K = (0 : M)S of [MΓ] is (triv-
ially) square-zero is:
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Proposition 4.1.6 Let M be a gamma near-ring of continuous maps. If
M(X) is dense in G, then K = {0}, where K is as in Theorem 4.1.2.
Proof: We have for any f ∈ K, fM = {0}. Thus fM(X) = {0G} and by
the continuity of f , f(G) = f(cl(M(X))) = fM(X) = {0G}, which shows
that f is the zero map on G. Hence, K = {0}.
Let Γ(0) = {x ∈ X | x = γ(0G) for some γ ∈ Γ} and letX0 =
⋂
m∈M
m−1{0G}.
Then we can prove:
Proposition 4.1.7 Let M be a gamma near-ring of continuous maps. Then
the following are equivalent:
(a) M is a 0-symmetric gamma near-ring.
(b) 〈MΓ〉 is a 0-symmetric near-ring.
(c) MΓ ⊆ N0(G).
(d) Γ(0) ⊆ X0.
Proof: (a) ⇒ (b): We only need to show that the generating set consists
of 0G preserving maps. Let m ∈M and γ ∈ Γ. Then, mγ(0G) = mγ0(X) =
{0G} since mβ0 = 0 for all β ∈ Γ holds by the 0-symmetry of M .
(b) ⇒ (c): This is obvious.
(c) ⇒ (d): Let y ∈ Γ ({0}). Then y = γ(0G) for some γ ∈ Γ. Thus, for
any m ∈ M , m(y) = mγ(0G) = 0G since mγ ∈ MΓ ⊆ N0(G). Hence
y ∈ m−1(0G) for all m ∈M , so that y ∈ X0.
(d) ⇒ (a): Let m ∈M and γ ∈ Γ. Then for all x ∈ X, we have
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mγ0(x) = mγ(0G) ∈ m(Γ(0)) ⊆ m(X0) = {0G}.
Hence, mγ0 = 0, and M is zero-symmetric as required.
From this point on, all gamma near-rings considered will be zero-symmetric
unless otherwise specified. Given any subset Γ of N(G,X), we define the
gamma near-ring of continuous maps
N0(X,G,Γ) := {f : X → G | f is continuous and fΓ(0G) = {0G}.
If Γ contains one element, say θ, then we obtain the zero-symmetric sand-
wich near-ring N0(X,G, θ). Note that N0(X,G, θ) is the zero-symmetric
part of N(X,G, θ) as earlier defined.
4.2 Ideals and radicals
We begin this section with a definition of several different notions of prime-
ness for gamma near-rings (cf. Definition 1.1.10).
Definition 4.2.1 Let M be a gamma near-ring. If for any nonzero left in-
variant subgroups A and B of M we have AΓB 6= {0}, then M is said to be
2-prime. M is called 3-prime if for all x, y ∈ M , we have xΓMΓy = {0},
implies that x = 0 or y = 0. Also M is called equiprime if for all 0 6= a ∈M ,
x, y ∈ M , we have aγmµx = aγmµy for all γ, µ ∈ Γ, m ∈ M implies that
x = y.
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Let M be a Γ near-ring. Then M is 3-semiprime if for all x ∈ M , we have
xΓMΓx = {0}, implies that x = 0. For µ ∈ {2, 3, e}, the µ-prime radical of
M is given by:
Pµ(M) = ∩{ACM |M/A is µ-prime},
where e-prime stands for equiprime.
Lemma 4.2.2 Let M be a gamma near-ring of continuous maps and let P
be a 2-prime ideal of S = [MΓ]. Then K = (0 : M)S ⊆ P .
Proof: If P = [MΓ], then we are done. If not, there exists m ∈ M and
γ ∈ Γ such that mγ /∈ P . Thus Mγ * P and clearly Mγ is an S-subgroup
of S. Now K(Mγ) = (KM)γ = {0}γ = {0} ⊆ P and since Mγ * P and P
is a 2-prime ideal, we must have K ⊆ P , as desired.
With the help of Lemma 4.2.2 we can now prove the following:
Proposition 4.2.3 Let M ⊆ N0(X,G,Γ) be a gamma near-ring of contin-
uous maps such that cl(Γ(G)) = X. If S = [MΓ] is equiprime, then we have
that:
(a) L is equiprime and mΓM 6= {0} for all 0 6= m ∈M .
(b) M is equiprime.
Proof: The two conditions, (a) and (b) are equivalent by [4, Proposition
3.2]. So it suffices to show that [MΓ] is equiprime implies (a). To this end
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we note that since S is equiprime, 0 is an equiprime, hence a 2-prime ideal
of S. Therefore, K = {0} by Lemma 4.2.2. Thus, by Theorem 4.1.2, S ∼= L
and so L is equiprime. Moreover, for any m ∈ M , if mΓM = {0} then
mγ ∈ K = {0} for all γ ∈ Γ. Thus mΓ(G) = {0G} and by continuity of m,
m(cl(Γ(G))) = {0G}. That is, m(X) = {0G}. Hence m = 0 and (a) holds.
The converse of Proposition 4.2.3 is not true in general. However, if M(X)
is dense in G then the converse holds and we strengthen Proposition 4.2.3
as follows:
Proposition 4.2.4 Let M ⊆ N0(X,G,Γ) be a gamma near-ring of contin-
uous maps such that cl(M(X)) = G and cl(Γ(G)) = X. Then the following
are equivalent:
(a) M is equiprime.
(b) [MΓ] is equiprime.
(c) L is equiprime and xΓM 6= {0} for all 0 6= x ∈M .
Proof: Since cl(M(X)) = G, we have K = {0} by Proposition 4.1.6
and so [MΓ] ∼= L by Theorem 4.1.2. Therefore, (c) implies (b). We also
have (b) implies (a) by Proposition 4.2.3, while (a) implies (c) holds by [4,
Proposition 3.2].
Let M be a Γ near-ring of continuous maps. Then for any subset P of [MΓ]
and Q of M , we define respectively (as in [5]):
P (+) = {x ∈M | xγ ∈ P, ∀ γ ∈ Γ} and Q(+′) = {f ∈ [MΓ] | fM ⊆ Q}.
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It can be proved by similar methods as in [2] that if P is an ideal of S = [MΓ]
then P (+) is an ideal of M . (0 : M)M := {a ∈M | aΓM = {0}} is contained
in P (+) for every ideal P of [MΓ] such that P contains K = (0 : M)S. If
M(X) is dense in G, then (0 : M)M is contained in P
(+) for every ideal P
of [MΓ]. Note that K(+) = (0 : M)M . On the other hand, if Q is an ideal
of M , then Q(+
′) is an ideal of [MΓ] (cf. [2]). Since KM = {0}, we see that
for any ideal Q of M , Q(+
′) is an ideal of [MΓ] which contains K.
Proposition 4.2.5 Let M be a Γ near-ring of continuous maps and let P
be a 2-prime ideal of [MΓ]. Then P (+) is a 2-prime ideal of M .
Proof: Let A,B be M -subgroups of M such that AΓB ⊆ P (+). This
implies that AΓBΓ ⊆ P . If A ⊆ P (+) then we have nothing more to do. So
suppose A * P (+). Then Aα * P for some α ∈ Γ. We have for each γ ∈ Γ,
(Aα)(Bγ) ⊆ AΓBΓ ⊆ P . From the fact that Aα, Bγ are [MΓ]-subgroups
of [MΓ] in conjuntion with the fact that P is a 2-prime ideal, we obtain
Bγ ⊆ P for all γ ∈ Γ. Hence B ⊆ P (+). This completes the proof.
Proposition 4.2.6 Let M be a Γ near-ring of continuous maps and let Q
be a 2-prime ideal of M . Then Q(+
′) is a 2-prime ideal of [MΓ].
Proof: Let A,B be [MΓ]-subgroups of [MΓ] such that AB ⊆ Q(+′).
So we have ABM ⊆ Q. If A ⊆ P then we have nothing to prove. So
suppose A * Q(+′). Then An * Q for some n ∈ M . For each m ∈ M ,
(An)Γ(Bm) = A(nΓB)m) ⊆ ABm ⊆ Q. From the fact that An, Bm are
clearly M -subgroups of M in conjuntion with the fact that Q is a 2-prime
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ideal, we obtain Bm ⊆ Q for all m ∈M . Hence B ⊆ Q(+′).
Proposition 4.2.7 Let M be a Γ near-ring of continuous maps and let P
be a 2-prime ideal of [MΓ]. Then P = (P (+))(+
′).
Proof: It is easy to see that (P (+))(+
′) = {f ∈ [MΓ] | fmγ ∈ P ∀ m ∈
M,γ ∈ Γ}. Let p ∈ P . Since P is an ideal of [MΓ], (pm)γ = p(mγ) ∈ P
for all m ∈ M,γ ∈ Γ. Thus p ∈ (P (+))(+′), whence P ⊆ (P (+))(+′). For the
converse, we note that if P = [MΓ], then by the first part above we obtain
P = (P (+))(+
′). So suppose P 6= [MΓ] and let a ∈ (P (+))(+′). Then amγ ∈ P
for all m ∈M,γ ∈ Γ. Thus for each α ∈ Γ, aMα ⊆ P . Since Mα is clearly a
left invariant subgroup of [MΓ], we obtain from aMα ⊆ P , Sg{a}Mα ⊆ P
(cf. [13, Lemma 1.1]), where Sg{a} is the left invariant subgroup of [MΓ]
generated by a. Since P is 2-prime we obtain Sg{a} ⊆ P or Mα ⊆ P .
This holds for all α ∈ Γ so we get Sg{a} ⊆ P or MΓ ⊆ P , consequently
Sg{a} ⊆ P or [MΓ] = P . But P 6= [MΓ], hence Sg{a} ⊆ P . Thus a ∈ P
and (P (+))(+
′) ⊆ P follows, whence P = (P (+))(+′) as desired.
Proposition 4.2.8 Let M be a Γ near-ring of continuous maps and let Q
be a 2-prime ideal of M . Then Q = (Q(+
′))(+).
Proof: It is easy to see that (Q(+
′))(+) = {x ∈M | xγm ∈ Q ∀m ∈M,γ ∈
Γ}. Let q ∈ Q. Since Q is an ideal of M , qγm ∈ Q for all m ∈ M,γ ∈ Γ.
Thus q ∈ (Q(+′))(+), whence Q ⊆ (Q(+′))(+). For the converse, we note that
if Q = M , then by the first part above we obtain Q = (Q(+
′))(+). So assume
Q 6= M and let a ∈ (Q(+′))(+). Then aγm ∈ Q for all m ∈ M,γ ∈ Γ. Thus
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for each α ∈ Γ, aαM ⊆ Q. This implies that Sg{a}αM ⊆ Q, where Sg{a}
is the left invariant subgroup of M generated by a. Now Sg{a}αM ⊆ Q
holds for all α ∈ Γ, so we get Sg{a}ΓM ⊆ Q. Since Q is 2-prime we obtain
Sg{a} ⊆ Q or M ⊆ Q. But M ⊆ Q in conjunction with the first part of
the proof implies Q = M , contrary to our assumption, so we must have
Sg{a} ⊆ Q. Thus a ∈ Q and this gives us the inclusion (Q(+′))(+) ⊆ Q,
whence Q = (Q(+
′))(+) as desired.
We get the following as a consequence of Propositions 4.2.5, 4.2.6 and 4.2.7:
Theorem 4.2.9 Let M be a Γ near-ring of continuous maps. Then the
mapping P → P (+) defines a one to one correspondence between the 2-
prime ideals of [MΓ] and those of M .
With the help of Theorem 4.1.2 in conjuction with results from [5], analogs
of Propositions 4.2.5, 4.2.6, 4.2.7 and Theorem 4.2.9 can be proved for the
3-prime and equiprime ideals. Thus, using Theorem 4.2.9 (and its analogs)
and the fact that the mapping P → P (+) preserves intersections, we obtain:
Theorem 4.2.10 Let M be a gamma near-ring of continuous maps. Then
P2(M) = (P2[MΓ])(+), P3(M) = (P3[MΓ])(+) and Pe(M) = (Pe[MΓ])(+).
4.3 Coincidence of the different types of prime
In this section we study the interplay between primeness of the gamma
near-ring of continuous maps N0(X,G,Γ) and topological conditions on X
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and G. We determine conditions under which the different types of prime
coincide for N(X,G,Γ). The following result generalises Lemma 3.1 of [3].
Lemma 4.3.1 Let X and G be a completely regular topological space and
a path connected topological group, respectively. If the gamma near-ring of
continuous maps N0(X,G,Γ) is 3-semiprime, then cl(Γ(G)) = X.
Proof: Suppose that cl(Γ(G)) 6= X. Let x ∈ X \ cl(Γ(G)). Since X
is completely regular, there exists a continuous map α:X → [0, 1] such
that α(cl(Γ(G))) = {0} and α(x) = 1. Let 0 6= g ∈ G. Since G is path
connected, there exists a continuous map β : [0, 1]→ G such that β(0) = 0
and β(1) = g. Let a = βα. Then a is continuous and a(y) = 0 for all
y ∈ cl(Γ(G)). Therefore, aΓ(G) ⊆ a(cl(Γ(G))) = {0} and so aγ(0) = 0 for
all γ ∈ Γ. Thus a ∈ N0(X,G,Γ). Furthermore, a(x) = g, so a 6= 0. Let
m ∈ N0(X,G,Γ). If y ∈ X then aγm(y) = 0, since γm(y) ∈ Γ(G). Hence
aγm = 0, whence aγnµa = 0 for all n ∈ N0(X,G,Γ) and γ, µ ∈ Γ. Since
a 6= 0, N0(X,G,Γ) is not 3-semiprime. This completes the proof.
Proposition 4.3.2 Let X and G be a completely regular topological space
and a path connected topological group, respectively. Let N0(X,G,Γ) be such
that
⋂
γ∈Γ γ
−1(X0) = {0}. Then the following are equivalent:
(a) cl(Γ(G)) = X.
(b) N0(X,G,Γ) is 3-prime.
(c) N0(X,G,Γ) is 3-semiprime.
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Proof: (a) ⇒ (b): Let 0 6= a, b ∈ N0(X,G,Γ). Then there exist x, y ∈ X
such that a(x) 6= 0, b(y) 6= 0. We may assume without loss of generality
that x ∈ Γ(G). For by the continuity of a, there exists an open set U
of X containing x, such that a(z) 6= 0, ∀ z ∈ U . Since cl(Γ(G)) = X,
U ∩ Γ(G) 6= ∅. Hence, we may choose x ∈ U ∩ Γ(G) such that a(x) 6= 0.
Let g ∈ G be such that x = α(g) for some α ∈ Γ. Note that g 6= 0,
since by the definition of N0(X,G,Γ), this would imply that aα(0) = 0, i.e.
a(x) = 0, which contradicts our assumption that a(x) 6= 0. Since b(y) 6= 0
and
⋂
γ∈Γ γ
−1(X0) = {0}, b(y) /∈ β−1X0 for some β ∈ Γ. That is, βb(y) /∈ X0.
Let d = βb(y). Since G is T1, {0} is closed and for each m ∈ N0(X,G,Γ) the
inverse image m−1{0} is closed as m is continuous. Finally any intersection
of closed sets is closed, whence X0 =
⋂
m∈M m
−1{0} is a closed set and
d /∈ X0. Thus, since X is completely regular, there exists a continuous
map b : X → [0, 1] such that b(X0) = {0} and b(d) = 1. Since G is path
connected, there exists a continuous map θ : [0, 1] → G such that θ(0) = 0
and θ(1) = g. Let n = θb. Then n is continuous. Moreover,
nµ(0) ∈ nΓ(0) ⊆ n(X0) = θb(X0) = θ({0}) = {0}
for all µ ∈ Γ. Hence n ∈ N0(X,G,Γ). Also n(d) = g. Furthermore, aαnβb(y) =
aαn(d) = aα(g) = a(x) 6= 0. It follows that aαnβb 6= 0. Hence N0(X,G,Γ)
is 3-prime.
(b) ⇒ (c): Obvious.
(c) ⇒ (a): Follows from Lemma 4.3.1.
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In the case that N0(X,G,Γ) is a zero-symmetric sandwich near-ring so that
Γ contains only one element, say θ; then the condition
⋂
γ∈Γ γ
−1(X0) = {0}
is the same as θ−1(X(0)) = {0}. It is clear that if ⋂γ∈Γ γ−1(X0) = {0} then⋂
γ∈Γ γ
−1Γ(0) = {0}. We will show that in the case that X is a completely
regular topological space and G is a path connected topological group then
the two conditions are equivalent.
Proposition 4.3.3 Let X be a completely regular topological space and let
G be a path connected topological group. Then for the gamma near-ring
N0(X,G,Γ), we have X0 = cl(Γ(0)).
Proof: Assume that X0 6= cl(Γ(0)) and let x1 ∈ X0 where x1 /∈ cl(Γ(0)).
Since, cl(Γ(0)) is a closed set with x1 /∈ cl(Γ(0)) and X is a completely
regular topological space, there exists a continuous map b : X → [0, 1]
such that b(cl(Γ(0))) = 0 and b(x1) = 1. Let 0 6= g ∈ G. Since G is path
connected, there exists a continuous map α : [0, 1]→ G such that α(0) = 0
and α(1) = g. Let m = αb. Then m is continuous. Moreover, for all θ ∈ Γ,
mθ(0) = αbθ(0) ⊆ αb(Γ(0)) = α(0) = 0. Hence m ∈ N0(X,G,Γ). But
0 6= g = m(x1) ∈ m(X0) = {0}, a contradiction. Thus our assumption that
X0 properly contains cl(Γ(0)) is false. Hence X0 = cl(Γ(0)).
We obtain the following corollary;
Corollary 4.3.4 Let X be a completely regular topological space and let
G be a path connected topological group. Then for the sandwich near-ring
N0(X,G, θ), we have X0 = {θ(0)}.
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Proof: In this case, our gamma near-ring N0(X,G,Γ) is a zero-symmetric
sandwich near-ring with Γ containing only one element, θ. Since X is T1,
Γ(0) = {θ(0)} is a closed set and so cl(Γ(0)) = Γ(0). By Proposition 4.3.3,
X0 = cl(Γ(0)) = Γ(0). Hence X0 = {θ(0)}.
In view of Corollary 4.3.4 we see that for a completely regular topological
space X and a path connected topological group G, if N0(X,G,Γ) is a 0-
symmetric sandwich near-ring so that Γ contains only one element, say θ,
then the condition
⋂
γ∈Γ γ
−1(X0) = {0} becomes θ−1(θ({0})) = {0}. There-
fore, Proposition 4.3.2 is a generalisation of [3, Proposition 3.2]. We give an
example of a gamma near-ring in which the condition
⋂
γ∈Γ γ
−1(X0) = {0}
holds but for each α ∈ Γ, N0(X,G, α) does not satisfy α−1(α(0)) = {0}.
Example 4.3.5 Consider the additive group of real numbers R with the
usual topology. Take G = R and X = R. Let Γ = {γn | n ∈ N}, where
γn : R → R is defined by γn(x) = 0 for all x ∈ (− 1n , 1n) and γn(x) = x − 1n
for all x ≥ 1
n
and γn(x) = x+
1
n
for all x ≤ − 1
n
. Then γ−1n γn(0) = [− 1n , 1n ].
Take M = N0(R). Then X0 = {0}. Now γ−1n (X0) = γ−1n (0) = [− 1n , 1n ] and⋂
n∈N γ
−1
n (X0) = {0} 6= [− 1n , 1n ] = γ−1n (0) = γ−1n γn(0) for all n ∈ N.
We will say that Γ separates points if for any g1, g2 ∈ G with g1 6= g2, there
exists γ ∈ Γ such that γ(g1) 6= γ(g2).
Proposition 4.3.6 Let X and G be a completely regular topological space
and a path connected topological group, respectively. If Γ separates points
and Γ(0) = {x0}, then the following are equivalent:
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(a) cl(Γ(G)) = X.
(b) N0(X,G,Γ) is equiprime.
(c) N0(X,G,Γ) is 3-semiprime.
Proof: (a) ⇒ (b): Let a, b, c ∈ N0(X,G,Γ) such that 0 6= a and b 6= c.
Then there exist x, y ∈ X such that a(x) 6= 0, b(y) 6= c(y). As in the proof of
Proposition 4.3.2 it can be shown that x may be chosen such that x = α(g)
for some α ∈ Γ and some 0 6= g ∈ G. Since b(y) 6= c(y) and Γ separates
points, there exists λ ∈ Γ such that λ(b(y)) 6= λ(c(y)). Let x1 = λ(b(y))
and x2 = λ(c(y)). Either x1 6= x0 or x2 6= x0. Assume the latter. Since
X is completely regular and T0 (all our spaces are T0), X is T1, so the
set F = {x0, x1} is closed and x2 /∈ F . Since X is completely regular, there
exists a continuous map β : X → [0, 1] such that β(F ) = {0} and β(x2) = 1.
Since G is path connected, there exists a continuous map θ : [0, 1]→ G such
that θ(0) = 0 and θ(1) = g. Let m = θβ. Then m is continuous. Moreover,
mµ(0) = m(x0) = θβ(x0) = θ(0) = 0 for all µ ∈ Γ. Hence m ∈ N0(X,G,Γ).
Also m(x1) = 0 and m(x2) = g. Furthermore, aαmλb(y) = aαm(x1) =
aα(0) = 0 and aαmλc(y) = aαm(x2) = aα(g) = a(x) 6= 0. It follows that
aαmλb 6= aαmλc. Hence N0(X,G,Γ) is equiprime.
(b) ⇒ (c): Obvious.
(c) ⇒ (a): Follows from Lemma 4.3.1.
A natural question comes to mind. If Γ(0) = {x0} and N0(X,G,Γ) is
equiprime does it follow that Γ separates points? We have an answer in
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the case of a 0-dimensional topological group.
Proposition 4.3.7 Suppose that X is a 0-dimensional T0 topological space
and G is a topological group. Let N0(X,G,Γ) be such that Γ(0) = {x0}. Then
N0(X,G,Γ) is equiprime if and only if Γ separates points and cl(Γ(G)) = X.
Proof: Suppose that Γ separates points and that cl(Γ(G)) = X. Let
a, b, c ∈ N0(X,G,Γ), a 6= 0, b 6= c. Let x, y ∈ X be such that a(x) 6= 0,
b(y) 6= c(y). Note that we may assume, without loss of generality, that
x ∈ Γ(G). Indeed if x /∈ Γ(G), it is a limit point of Γ(G), since cl(Γ(G)) = X.
By continuity of a, there exists an open set U of X such that x ∈ U and
a(t) 6= 0 for all t ∈ U . Then U ∩ Γ(G) 6= ∅. Now replace x with any point
z ∈ U ∩ Γ(G). Let g ∈ G be such that θ(g) = x; note that g 6= 0 since
a(x) 6= 0. Since b(y) 6= c(y) either b(y) 6= 0 or c(y) 6= 0. Assume the former.
Since Γ separates points, there exists α ∈ Γ such that α(b(y)) 6= α(0). Since
X is T0 and 0-dimensional, it is T1. Hence there exists a clopen subset V of
X such that αb(y) ∈ V , α(0) /∈ V , αc(y) /∈ V . Define n : X → G by
n (t) =
 g if t ∈ V0 if t ∈ X \ V .
Then nµ(0) = nα(0) = 0 for all µ ∈ Γ. Thus n ∈ N0(X,G,Γ) and
aθnαb(y) = aθ(g) = a(x) 6= 0 and aθnαc(y) = aθ(0) = 0. Hence aθnαb 6=
aθnαc and soN0(X,G,Γ) is equiprime. Conversely, suppose thatN0(X,G,Γ)
is equiprime. We use the contrapositive to show that Γ separates points. Let
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g1, g2 ∈ G be such that θ(g1) = θ(g2) for all θ ∈ Γ. Let U be a clopen, proper
subset of X such that θ(0) ∈ U . Define a, b : X → G by
a (x) =
 0 if x ∈ Ug1 if x ∈ X \ U and b (x) =
 0 if x ∈ Ug2 if x ∈ X \ U .
Then a, b ∈ N0(X,G,Γ) and a 6= 0. It is easily verified that aγnαa = aγnαb
for all n ∈ N0(X,G,Γ) and γ, α ∈ Γ. Since N0(X,G,Γ) is equiprime, a = b
and so g1 = g2. Hence Γ separates points. Suppose cl(Γ(G)) 6= X. Then
there exists an element s of X which is not a limit point of Γ(G). Since
X is 0-dimensional, there exists a clopen subset V of X such that s ∈ V ,
V ∩ Γ(G) = ∅.
Let 0 6= h ∈ G and define c : X → G by
c (x) =
 h if x ∈ V0 if x ∈ X \ V .
Then cγ(0) = 0 for all γ ∈ Γ, so c ∈ N0(X,G,Γ) and cγnµc = 0 = cγnµ0
for all n ∈ N0(X,G,Γ) and for all γ, µ ∈ Γ. Since c 6= 0, this implies that
N0(X,G,Γ) is not equiprime. This contradiction shows that cl(Γ(G)) = X.
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4.4 When MΓ generates N0(G)
For a gamma near-ring M of continuous maps on a topological group G,
the near-ring [MΓ] generated by MΓ is obviously a subnear-ring of N0(G).
In this section we investigate when [MΓ] = N0(G)
Definition 4.4.1 Let M be a gamma near-ring of continuous maps on a
topological group G. An element s ∈ M is called a super left unity if there
exists γ ∈ Γ such that sγ : G → G is the identity map on G, that is,
sγ(g) = g for all g ∈ G.
Proposition 4.4.2 Let M be a gamma near-ring of continuous maps on a
topological group G such that M has a super left unity. Then [MΓ] = N0(G).
Proof: Let s ∈M and γ ∈ Γ be such that sγ(g) = g for all g ∈ G. Then for
any f ∈ N0(G), f is a self-map of G and using associativity of composition
of maps, we have f(g) = f((sγ)(g)) = (fs)γ(g). Therefore, f = mγ ∈MΓ,
where m = fs ∈ M . Hence, MΓ ⊆ [MΓ] ⊆ N0(G) ⊆ MΓ and this proves
the stronger result that MΓ = N0(G).
The next couple of examples illustrate Proposition 4.4.2.
Example 4.4.3 Let X = R×Zn and G = R×Zm, where m ≤ n, R has the
Euclidean topology, Zn and Zm are discrete and both X and G have their
respective product topologies.
Let Γ = {λ : G → X | λ is continuous and λ(0, 0) = (0, 0)} and define
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s : X → G by
s (x, k) =
 (x, k) if 0 ≤ k ≤ m(0, 0) if k > m.
Then s is a super left unity for M = N0(X,G,Γ), since for δ : G → X
defined by δ(x, k) = (x, k) we get that sδ is the identity map on G. Therefore,
MΓ = N0(G).
Example 4.4.4 Let X = Rn and G = Rm, m ≤ n, X and G have the
Euclidean topology. Let Γ = {λ : G → X | λ is continuous and λ(0G) =
0X}. Define s : X → G by
s (x1, . . . , xn) =
 (x1, . . . , xm) if xk = 0 for all k ∈ {m+ 1, . . . , n}(0, . . . , 0) if xk 6= 0 for some k ∈ {m+ 1, . . . , n}.
Then s is a super left unity for M where M = N0(X,G,Γ), since for δ :
G → X defined by δ(x1, . . . , xm) = (x1, . . . , xm, 0 . . . , 0) we get that sδ is
the identity map on G. Thus, MΓ = N0(Rm).
We note that [MΓ] = N0(G) can occur even if M does not have a super left
unity. For instance, see the following:
Proposition 4.4.5 Let G be a group with m connected components (2 ≤
m ∈ N) and let X be a topological space with n connected components, all
homeomorphic to G0. If 2 ≤ n < m, then [MΓ] = N0(G), where M =
N0(X,G,Γ) and Γ = {f : G → X | f is continuous and f(0) = x0} for
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some fixed x0 ∈ X.
Proof: We need only prove that N0(G) ⊆ MΓ. Since X and G are dis-
connected with finitely many connected components, it follows that these
components are clopen. Let G0 be the connected component of G which
contains 0, and label the other distinct components of G by G1, . . . , Gm−1.
Similarly, let X0 be the component of X which contains x0 , and let the
remaining distinct components of X be X1, ..., Xn−1 . Note that the com-
ponents af G are homeomorphic to one another. Let h0 : G0 → X0 be a
homeomorphism such that h0(0) = x0 . Let k : G2 → X2 be a homeomor-
phism and for 1 ≤ i ≤ m− 1, let hi : Gi → G1 be a homeomorphism. Note
that in the case i = 1, hi can be the identity mapping. Let δ0 : G → X be
defined by
δ0 (g) =
 h0(g) if g ∈ G0x0 if g ∈ G \G0
and for 1 ≤ i ≤ m− 1, let
δi (g) =
 khi(g) if g ∈ Gix0 if g ∈ G \Gi .
Clearly, δi ∈ Γ for 0 ≤ i ≤ m− 1. Let d0 : X → G be defined by
d0 (x) =
 h1(x) if x ∈ X00 if x ∈ X \X0
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and for 1 ≤ i ≤ m− 1, let
di (x) =
 h1(x) if x ∈ Xi0 if x ∈ X \Xi .
It is easily seen that, for 0 ≤ i ≤ m− 1,
diδi (g) =
 g if g ∈ Gi0 if g ∈ G \Gi .
Clearly, di ∈ N0(G,X,Γ). Now let a ∈ N0(G) and for 0 ≤ i ≤ m− 1, define
ai : G→ G by
ai (g) =
 a(g) if g ∈ Gix0 if x ∈ G \Gi .
Then clearly, a = a0 + a1 + . . .+ am−1 . Moreover, for 0 ≤ i ≤ m− 1, ai =
aidiδi = (aidi)δi and aidi ∈ N0(G,X,Γ). Hence a = (a0d0)δ0 + (a1d1)δ1 +
...+ (am−1dm−1)δm−1 ∈ [MΓ], as required.
In the following example M = N0(X,G,Γ) does not have a super left unity,
however [MΓ] = N0(G).
Example 4.4.6 Let G = R × Zm and X = (0,∞) × Zn ; where 2 ≤
n < m ∈ N, (0,∞) has the subspace topology inherited from R in the
Euclidean topology, Zm and Zn are discrete and both X and G have their
respective product topologies. X satisfies the conditions of Proposition 4.4.5.
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Therefore taking Γ = {f : G → X | f is continuous and f(0, 0) = (1, 0)}
and M = N0(X,G,Γ) we obtain [MΓ] = N0(R× Zm).
Using the definition of I(+) for an ideal I of [MΓ] in conjunction with
Theorem 4.2.10, we obtain the following result which needs no proof.
Proposition 4.4.7 Let M be a gamma near-ring of continuous maps such
that [MΓ] = N0(G) and let ν = 2, 3, e. Then Pν(M) = {x ∈ M | xΓ ⊆
Pν(N0(G))}.
We obtain the following Corollary to Propositions 4.4.5 and 4.4.7.
Corollary 4.4.8 Let G be a topological group with m connected components
which are path connected and let X be a topological space with n connected
components (2 ≤ n < m), all homeomorphic to G0. Let x0 ∈ X be fixed and
let M = N0(X,G,Γ), where Γ = {f : G→ X | f is continuous and f(0) =
x0}. Then Pe(M) = A ∩ B, where A = {m ∈ M | mΓ(G) ⊆ G0} and
B = {m ∈M | mγ(G0) = {0} ∀ γ ∈ Γ}.
Proof: By Proposition 4.4.5 [MΓ] = N0(G) and by Proposition 4.4.7
Pe(M) = {m ∈ M | mΓ ⊆ Pe(N0(G))}. Now from [3, Proposition 2.2],
we have that Pe(N0(G)) = I ∩ J , where I = {a ∈ N0(G) | a(G) ⊆ G0}
and J = (0 : G0)N0(G). It follows that Pe(M) = {m ∈ M | mΓ ⊆ I ∩ J}.
Thus Pe(M) = {m ∈ M | mΓ ⊆ I} ∩ {m ∈ M | mΓ ⊆ J} and this yields
Pe(M) = {m ∈M | mΓ(G) ⊆ G0} ∩ {m ∈M | mΓ(G0) = {0}} = A ∩B.
For instance, applying Corollary 4.4.8 to Example 4.4.6 we have:
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Example 4.4.9 Let G = R×Zm and X = (0,∞)×Zn; where 2 ≤ n < m ∈
N, (0,∞) has the subspace topology inherited from R in the Euclidean topol-
ogy, Zm and Zn are discrete and both X and G have their respective product
topologies. Then taking Γ = {f : G → X | f is continuous and f(0, 0) =
(1, 0)} and M = N0(X,G,Γ) we obtain Pe([MΓ]) = A∩B, where A = {m ∈
M | mΓ(R× Zm) ⊆ 0× Zm} and B = {m ∈M | mΓ({0} × Zm) = (0, 0)}.
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